The Project Gutenberg EBook of Groups of Order p”"m Which Contain Cyclic
Subgroups of Order p~(m-3), by Lewis Irving Neikirk

This eBook is for the use of anyone anywhere in the United States and most
other parts of the world at no cost and with almost no restrictions
whatsoever. You may copy it, give it away or re-use it under the terms of
the Project Gutenberg License included with this eBook or online at

www.gutenberg.org. If you are not located in the United States, you’ll have
to check the laws of the country where you are located before using this ebook.

Title: Groups of Order p™m Which Contain Cyclic Subgroups of Order p~(m-3)
Author: Lewis Irving Neikirk

Release Date: April 24, 2015 [EBook #9930]

Language: English

Character set encoding: ASCII

*%x START OF THIS PROJECT GUTENBERG EBOOK GROUPS OF ORDER P"M WHICH *xx



Produced by Cornell University, Joshua Hutchinson, Lee
Chew-Hung, John Hagerson, and the Online Distributed
Proofreading Team

TRANSCRIBER'S NOTE

Minor typographical corrections and presentational changes have been
made without comment. The ITEX source file may be downloaded from

www.gutenberg. org/ebooks/9930.



GROUPS OF ORDER p™ WHICH CONTAIN
CYCLIC SUBGROUPS OF ORDER p™3

BY

LEWIS IRVING NEIKIRK

SOMETIME HARRISON RESEARCH FELLOW IN MATHEMATICS

1905



INTRODUCTORY NOTE.

This monograph was begun in 1902-3. Class I, Class II, Part I, and the self-
conjugate groups of Class III, which contain all the groups with independent
generators, formed the thesis which I presented to the Faculty of Philosophy
of the University of Pennsylvania in June, 1903, in partial fulfillment of the
requirements for the degree of Doctor of Philosophy.

The entire paper was rewritten and the other groups added while the author
was Research Fellow in Mathematics at the University.

I wish to express here my appreciation of the opportunity for scientific re-
search afforded by the Fellowships on the George Leib Harrison Foundation at
the University of Pennsylvania.

I also wish to express my gratitude to Professor George H. Hallett for his
kind assistance and advice in the preparation of this paper, and especially to
express my indebtedness to Professor Edwin S. Crawley for his support and
encouragement, without which this paper would have been impossible.

LeEwis I. NEIKIRK.

UNIVERSITY OF PENNSYLVANIA, May, 1905.



GROUPS OF ORDER p™, WHICH CONTAIN CYCLIC
SUBGROUPS OF ORDER p(m=3)1

BY
LEWIS IRVING NEIKIRK

Introduction.

The groups of order p™, which contain self-conjugate cyclic subgroups of
orders p™ !, and p™ 2 respectively, have been determined by BURNSIDE,? and
the number of groups of order p™, which contain cyclic non-self-conjugate sub-
groups of order p™~2 has been given by MILLER.3

Although in the present state of the theory, the actual tabulation of all
groups of order p™ is impracticable, it is of importance to carry the tabulation
as far as may be possible. In this paper all groups of order p™ (p being an odd
prime) which contain cyclic subgroups of order p™ =3 and none of higher order
are determined. The method of treatment used is entirely abstract in character
and, in virtue of its nature, it is possible in each case to give explicitly the
generational equations of these groups. They are divided into three classes, and
it will be shown that these classes correspond to the three partitions: (m—3, 3),
(m—3,2,1)and (m—3, 1, 1, 1), of m.

We denote by G an abstract group G of order p™ containing operators of
order p™~3 and no operator of order greater than p™ 3. Let P denote one
of these operators of G of order p™ 3. The p> power of every operator in G is
contained in the cyclic subgroup { P}, otherwise G would be of order greater than
p™. The complete division into classes is effected by the following assumptions:

2
I. There is in G at least one operator @1, such that Q) is not contained in

{P}.

II. The p? power of every operator in G is contained in {P}, and there is at
least one operator (1, such that Qf is not contained in {P}.

ITI. The pth power of every operator in G is contained in {P}.

IPresented to the American Mathematical Society April 25, 1903.
2 Theory of Groups of a Finite Order, pp. 75-81.
3Transactions, vol. 2 (1901), p. 259, and vol. 3 (1902), p. 383.



The number of groups for Class I, Class II, and Class III, together with the
total number, are given in the table below:

1 114 11, 115 1I 111 Total
p>3
m>8|9]20+p|6+2p | 6+2p|32+5p| 23| 64+5p
p>3
m = 81 20+p | 6+2p | 64+2p | 32+5p | 23 | 63+ 5p
p>3
m = 6 [20+p | 6+2p | 6+2p | 32+5p | 23 | 61+ 5p
p:
m>81|9 23 12 12 47 16 72
p=3
m=8 |8 23 12 12 47 16 71
p=3
m=7]|6 23 12 12 47 16 69

Class 1.

1. General notations and relations.—The group G is generated by the two
operators P and Q;. For brevity we set*

Q?PbQipd”,:[a’ b, c, d7]

Then the operators of G are given each uniquely in the form

y=0,1,2,---,p°—1
v 2] (sz, 1,2, ,pm—3—1>'
We have the relation . .
Q7 =P, (1)
There is in G, a subgroup H; of order p™~2, which contains { P} self-conjugate-

ly.5 The subgroup H; is generated by P and some operator QY P® of G; it then

2
contains @Y and is therefore generated by P and QF ; it is also self-conjugate
in Hy = {QY, P} of order p™~!, and Hy is self-conjugate in G.
From these considerations we have the equations®

QY PQY = priken Tt (2)
_ 2

QP PQY=Q" P, (3)

Q' PQi= QY P (4)

4With J. W. YOUNG, On a certain group of isomorphisms, American Journal of Mathe-
matics, vol. 25 (1903), p. 206.

5BURNSIDE: Theory of Groups, Art. 54, p. 64.

6 Ibid., Art. 56, p. 66.



2. Determination of Hy. Derivation of a formula for [yp?,z]®.—From (2),
by repeated multiplication we obtain

[=p?, @, ] = [0, a(1 + kp™)];
and by a continued use of this equation we have
[~yp?, @, yp?] = [0, 2(1 + kp™ )] = [0, (1 + kyp™ )] (m > 4)
and from this last equation,

[p®, 2]° = [syp®, a{s + k(3)yp"*}]. (5)

3. Determination of Hs. Derivation of a formula for [yp, x]°.—It follows
from (3) and (5) that

P11 Bkal —1
2 1. 0% = g% 2 2l 2P m—4 4).
[p7 7p] Balflp’al + 20&1*11) (m> )
Hence, by (2),

D
—1
BILZp2 =0 (mod p?),

04171
kol —1 .,
D 1 = m
a1{+2a11p + B

From these congruences, we have for m > 6

-1
@ 1hp2 =1+kp™* (modp™3).

D
1
Q1] —
o =1 (mod p?), a; =1 (mod p?),

and obtain, by setting
ap =1+ 042]72;
the congruence

(14 ap?®)P —1

h 3 = k m—4 d m—3\.
o (a2 + hB)p° = kp (mod p™™7);

and so
(a2 +hB)p> =0 (mod p™~*),
since

(1+ agp?®)? —1

=1 d p?).
P (mod p?)



From the last congruences
(a2 +hp)p® = kp™ ™" (mod p™?). (6)
Equation (3) is now replaced by
_ _ 2 a 2
Q" PQ" = Q" Pl (7)
From (7), (5), and (6)
[—yp, @, yp] = [Bayp®, o{1 + aoyp®} + BE(5)yp™ ] .

A continued use of this equation gives

lyp, z]* = [syp + B(5)zyp®,
zs + (3) {aoayp® + Bk (5)yp™ "} + Bk () z*yp™ ). (8)

4. Determination of G.—From (4) and (8),
[~p, 1, p] = [Np, af + Mp?].
From the above equation and (7),
al =1 (mod p?), a; =1 (mod p).
Set a; =1+ agp and equation (4) becomes
Qi PQu= QY P, 9)

From (9), (8) and (6)

(1+ azp)p2 -

1 2
[_an 17 pQ} = asp bp? (1 + a2p)P 3

and from (1) and (2)

2
1 -1
%bp =0 (mod p?),
(14 azp)” — 1

(1+ agp)p2 + bh p=1+kp™* (mod p™3).

a2p

By a reduction similar to that used before,
(ag 4+ bh)p® = kp™™*  (mod p™~?). (10)

The groups in this class are completely defined by (9), (1) and (10).
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These defining relations may be presented in simpler form by a suitable
choice of the second generator Q1. From (9), (6), (8) and (10)

1, 2] = [p*, 2p®] = [0, (z+ h)p*]  (m > 6),
and, if 2 be so chosen that
z+h=0 (modp™m "),
Q1 P* is an operator of order p? whose p? power is not contained in {P}. Let

Ql PT — Q The group G is generated by Q and P, where

3 m—3

Q" =1, P =1.

Placing » = 0 in (6) and (10) we find

aop® = agp® = kp™™*  (mod p™3).

m—"7

Let ap = ap™~ 7, and ay = ap™~ 7. Equations (7) and (9) are now replaced by

QP PQPr=QPfr pitor””
ot P — gt (1)

As a direct result of the foregoing relations, the groups in this class corre-
spond to the partition (m — 3, 3). From (11) we find”

[—y, 1, y] = [byp, 1 + ayp™ %] (m >38).

It is important to notice that by placing y = p and p? in the preceding
equation we find that®

b=/ (mod p), a=a=k (modp?®) (m >T17).

A combination of the last equation with (8) yields®

[—y, z, y] = [bayp + b (5) yp”,
(1 +ayp™ ) +ab(H)yp™ " +ab* () yp™ Y] (m>8). (12)

"For m = 8 it is necessary to add a? (g)p4 to the exponent of P and for m = 7 the terms
ala+ apr) $)p* +a3 (g)p?’ to the exponent of P, and the term ab(})p? to the exponent of Q.
The extra term 27ab2k(y) is to be added to the exponent of P for m =7 and p = 3.

3
a’p
2

8For m = 7, ap® — = ap? (mod p*), ap® = kp® (mod p?). For m = 7 and p = 3 the

first of the above congruences has the extra terms 27(a® + abBk) on the left side.
9For m = 8 it is necessary to add the term a(g) xp? to the exponent of P, and for m =7

the terms z{a(a+ apr) (§)p*+a®(%)p*} to the exponent of P, with the extra term 27ab?k (})z
for p = 3, and the term ab(})zp? to the exponent of Q.

5



From (12) we get'?

. 2” = [ys + by{(x +b(3)p) (3) + = (3)p}p,
ws + ay{(z +b(5)p + b (5)p°) ()
+ (b2p + 26°x(5)p*) (5) + 02> (5)p*}p™ ] (m>8). (13)

5. Transformation of the Groups—The general group G of Class I is spec-
ified, in accordance with the relations (2) (11) by two integers a, b which (see
(11)) are to be taken mod p?, mod p?, respectively. Accordingly setting

a= alp/\, b= bip",
where
dvlar, p] =1, dvlby, p]=1 (A=0,1,2,3 p=0,1, 2),

we have for the group G = G(a, b) = G(a, b)(P, Q) the generational determi-
nation:

m+A—6

P b1p“+1p1+a1p
Glap: {4 P9I P
Qp =1, PP =1.
Not all of these groups however are distinct. Suppose that

G<a7 b)(Pa Q) ~ G(a,’ b/)(Plv Q,)7

by the correspondence

Q P }
C= ’ ,
[ Q1 P
where
Q Qly P/x/pm 6’ and P1/ _ Q/yP/a:’

10For m = 8 it is necessary to add the term %a:py (3) [%y(2s — 1) — 1]p* to the exponent of
P, and for m = 7 the terms

a a S — 3
:c{5(a+§bp)(2 3 1y—l)( )up® +§((§)y2—(28—1)y+2)yp3
a?bxy? s — a’b s(s —1)%(s — 4
A

with the extra terms
bk
27abxy{§ [(G)? = (25 = Dy +2](3) + 26k + a®)(2? +1)(3) },

for p = 3, to the exponent of P, and the terms %b{2s — %y — 1} (;) zyp? to the exponent of Q.

6



with ¢’ and x prime to p.
Since

m—6

Q—l PQ _ prP1+ap

then

=1 pr 1 b prltap™
1 PL@Qi =@ P,

)

or in terms of @)’, and P’

[y + b’xy’p—i— b/2 (;)y’pg,x(l + a/y/pm—ﬁ) + a/b/(g)y/pm—5
+db?(3)y'p" Y = ly+by'p,x + (ax +ba'p)p™°]  (m>38)

and

by =bzy + b2 (‘;) y'p  (mod p?), (14)
ar+br'p=a'y'z+adb' (5)y'p+db?(E)y'p* (mod p?). (15)
The necessary and sufficient condition for the simple isomorphism of these two

groups G(a, b) and G(d’, V') is, that the above congruences shall be consistent
and admit of solution for z, y, ' and y’. The congruences may be written

bip" = bjapt +HT(E)P T (mod 7).

arxzp® + bia'phtt =

y/{allxpx + aib] (;)p)\'+;¢’+1 + aﬁb’?(g)P’\IHH/H} (mod p?).

Since dv[z, p] = 1 the first congruence gives p = u’ and = may always be so
chosen that b; = 1.

We may choose 3’ in the second congruence so that A = ) and a; = 1 except
for the cases N > p+ 1 = ' + 1 when we will so choose 2’ that A = 3.

The type groups of Class I for m > 8'! are then given by
m—6+>\’ st _ 17 Ppm,fi% _ 1
p=0,1,2,A=0,1,2; A >y M

pw=0,1,2: =3 '

G p"): QT PQ=qr " PP

Of the above groups G(p*, p*) the groups for u = 2 have the cyclic sub-
group {P} self-conjugate, while the group G(p?, p?) is the abelian group of
type (m — 3, 3).

HFor m = 8 the additional term ayp appears on the left side of the congruence (14) and
G(1, p?) and G(1, p) become simply isomorphic. The extra terms appearing in congruence
(15) do not effect the result. For m = 7 the additional term ay appears on the left side of
(14) and G(1, 1), G(1, p), and G(I, p?) become simply isomorphic, also G(p, p) and G(p, p?).

7



Class 1I.

1. General relations. )
There is in G an operator (1 such that @ is contained in { P} while @} is
not. . )
QY =P (1)
The operators ()7 and P either generate a subgroup Hy of order p™~!, or
the entire group G.

Section 1.

2. Groups with independent generators.

Consider the first possibility in the above paragraph. There is in Hs, a sub-
group H; of order p™~2, which contains { P} self-conjugately.'? H; is generated
by QY and P. Hs contains H; self-conjugately and is itself self-conjugate in G.

From these considerations'3

— m—4
QT PQy =P @)
Q' PQ=Q" P (3)
3. Determination of Hy and Hs.
From (2) we obtain

lyp, 2]* = [syp, 2{s + k(5)yp™*}] (m>4), (4)

and from (3) and (4)

ol —1 Bk ot —1
_ 1 — 1 p 1 v m—4 )
[-p, 1, p] [041 lﬂp’ Qg { 2 ay 1p

A comparison of the above equation with (2) shows that

P
o -1, _ 2
= d
al_lﬁp 0 (mod p7),
Bkat —1 o —1 _ _
p 1 1 m—4 1 ho =1 km4 d m—3
Oq{ LT IP—T o TP =1tk (mod p™™),
and in turn
o =1 (mod p?), a3 =1 (mod p) (m >5).

Placing ar; = 1 4+ aiop in the second congruence, we obtain as in Class I

(az + Bh)p* = kp™ ™" (mod p™7%)  (m >5). ()

12BURNSIDE, Theory of Groups, Art. 54, p. 64.
13 Ibid., Art. 56, p. 66.



Equation (3) now becomes
QT PQ = Q7 Pirour, (6)

The generational equations of Hs will be simplified by using an operator of order
p? in place of Q1.
From (5), (6) and (4)

ly, z]° = [sy + Usp, sz + Wp]
in which

Us = B(5) =y,
W, = az(3)ay + {8k [(3) (5) + (5)2%]

l:s(s —1)(25 — 1)y* — (;)y]x}pm_s.

1
+ fak[g!

2

Placing s = p? and y = 1 in the above
Q1 PP = QY pr#* = platir®,
If x be so chosen that

(x+h)=0 (mod p™ o) (m > 5)

Q1 P* will be the required @ of order p2.
Placing h = 0 in congruence (5) we find

m—4 m73)'

asp? = kp (mod p

Let ap = ap™ 6. H; is then generated by

3

Q¥ =1, P =1,

m—>5

Q7 'PQ=QPptterT . (7)
Two of the preceding formulse now become
[~y, , y] = [Bryp, x(1 + ayp™ ) + BE(Z)yp™ "], (8)
[y, 'r]s = [Sy + Usp, s + Wspm75]a (9)
where
and'

W = a(g)ay + BE{(G) ) + ()e}up (m > 6).

14For m = 6 it is necessary to add the terms % {Wgﬁ - (;)y} p to Ws.

9



4. Determination of G.
Let Ry be an operation of G not in Hy. RY is in Ho. Let

R} = Qpre,

Denoting R Q° P¢ R¢ Q¢ P/ ... by the symbol [a, b, ¢, d, e, f, -~
operations of G are contained in the set [z, y, z]; 2 = 0,1, 2, ---

0,1,2,---,p2—1;2=0,1,2,---, pm 3 — 1.
The subgroup Hy is self-conjugate in G. From this'®
Ry PRy =Q"P™,

5

RT'QRy = QM por” .

(10)

], all the

,p— 1Ly =

In order to ascertain the forms of the constants in (11) and (12) we obtain from

(12), (11), and (9)
[-p, 1,0, p] = [0, df + Mp, Np™~°].

By (10) and (8)

RPQRY = P #P QP = Q p=w™ ",
From these equations we obtain

d/=1 (modp) and dy =1 (mod p).
Let di = 1+ dp. Equation (12) is replaced by
RT'QR, = QiFdr perr™ "

From (11), (13) and (9)

p
a; —1

by + Kp, af + by Lp™
ay — 1

[_p7 07 17 p] = |:
in which
p—1
K= alblﬂz (Cgl).
1
By (10) and (8)

m—4

R;P PRIIJ — Q—App Qkp _ P1+a)\p

b

15BURNSIDE, Theory of Groups, Art. 24, p. 27.

10
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and from the last two equations

al =1 (mod p™~?)

and
a; =1 (mod p™~ %) (m > 6); ap =1 (modp) (m=06).
Placing a; = 1+ agp™=% (m > 6); ap=14asp (m=06).
K =0 (mod p),
and!6
al —1

biy=bip=0 (mod p?), by =0 (mod p).

al — 1
Let by = bp and we find

a? =1 (mod p™™*), a; =1 (mod p™~?).

Let a; = 1 + azp™~° and equation (11) is replaced by

5

Ry PR, = QU pitasr™ (14)

The preceding relations will be simplified by taking for R; an operator of order
p. This will be effected by two transformations.
From (14), (9) and (13)7

(1, y]P = [p7 yp, ﬂpm‘ﬂ = [0, A+y)p, pp —

Y -]
2 )

9 p
and if y be so chosen that

A+y=0 (mod p),

Ry = Ry QY is an operator such that R} is in {P}.
Let

Rh = PP

Using R in the place of Ry, from (15), (9) and (14)

[1,0, 2" = |p, 0, zp+ %pm*“] = [0, 0, (x+1)p+ %p’"*“ ,

16 K has an extra term for m = 6 and p = 3, which reduces to 3bici. This does not affect
the reasoning except for ¢; = 2. In this case change P? to P and ¢ becomes 1.
17The extra terms appearing in the exponent of P for m = 6 do not alter the result.

11



and if = be so chosen that

z+1+ %pm_5 =0 (modp™™%),
then R = Ry P” is the required operator of order p.
RP =1 is permutable with both @) and P. Preceding equations now assume
the final forms

Q' PQ= QP (15)
R-'PR=Qtpitar™ " (16)
RIQR=Q'tdrpr™ " (17)

with RP =1,QF" =1, PP" > = 1.
The following derived equations are necessary'®

[0, —y, 2, 0, y] = [0, Bayp, 2(1 + ayp™ ) + aB(3)yp™ "], (18)
[—y, 0, z, —y] = [0, bzyp, (1 + ayp™ *) + ab(5)yp™ ], (19)
[—y, z, 0, y] = [0, 2(1 + dyp), cxyp™ "] (20)

From a consideration of (18), (19) and (20) we arrive at the expression for a
power of a general operator of G.

[z, y, 2]® = [sz, sy + Usp, sz + Vip™ 7], (21)
where!?
Us = (5){baz + Bzy + dyz},
V= (3) {aa:y + [azz + aB(5)y + cyz + ab(‘;)z]p}
+ a(3){bxz + Bxy + dyz}ap.

5. Transformation of the groups. All groups of this section are given by
equations (15), (16), and (17) with a, b, 8,¢,d =0,1,2,--- ,p—1, and o =
0,1,2,---,p?> —1, independently. Not all these groups, however, are distinct.
Suppose that G and G’ of the above set are simply isomorphic and that the
correspondence is given by

R Q P}
C — ) ) ,
[ L QL P
in which
Ra _ R/Z//Q/y//pplxﬂpm,fél’
5

’ 12" A1y’ pre’p™
Q=R>QYP*P
P, = R*Q"P",

18For m = 6 the term a? (;)zp2 must be added to the exponent of P in (18).
19When m = 6 the following terms are to be added to Vi: GQTZ {%gﬂ - (;)y}p

12



where z, ¥’ and 2" are prime to p.
The operators R}, @}, and P{ must be independent since R, @, and P are,

2
and that this is true is easily verified. The lowest power of @} in {P{}is Q") =1
9 ’ oM —5
and the lowest power of R} in {Q},P{}is R} =1. Let Q'§ = P'{"
This in terms of R’, ', and P’ is

[S/Z/, y/{s/ —I—d/(“’;)z/p}, §'z'pm=5 +C/(;’)ylzlpm—4] = [0, 0, S:Epm_5].

From this equation s’ is determined by

sz’ =0 (mod p)

y'{s'+d'(3)2'p} =0 (mod p?),

which give

sy’ =0 (mod p?).
Since y' is prime to p

=0 (mod p?)

2
and the lowest power of Q) contained in {P[} is Q') =1.
Denoting by R’] the lowest power of R} contained in {Q, P{}.

m—4

" ’
/s 1S P plsSp
Ry =@ P4
This becomes in terms of R/, Q’, and P’

"o 1, ", 1, m—4

[s"2", s"y"p, s"2"p" Y = [0, s'y'p, {s'2" + sx}p™ .

s" is now determined by

"

§"2" =0 (mod p)
and since 2 is prime to p

s"=0 (mod p).

The lowest power of R} contained in {Q}, P’} is therefore R} = 1.

Since R, Q, and P satisfy equations (15), (16), and (17) R}, @}, and Pj also
satisfy them. Substituting in these equations the values of R}, @}, and P and
reducing we have in terms of R’, @', and P’

[z, y+ 01p, x4+ ¢1p™ "] = [z, y + BY'p, z(1 + ap™ °) + Bap™ 1], (22)

[z, y + O2p, © + qbgpm*ﬂ = [z, y+by'p, z(1 + ap™ ) + bx’pm*‘l], (23)
[,y + Osp, (&' + ¢sp)p™ ") = [, ¥/ (1 + dp), x(1 + dp)p™~° + cap™*]
(

b

24)

13



in which

01 =d (yz' —y'z) + (/2 + B'y),

Oy = d'yz" +bxz",
93 _ d/y/Z//7

o1 =d'zy +{'(B'Y +V)(5) +dzz+(y2 —y'2)}p,

¢2 — O/J?y”—l-a/.rz// +alb/(:;)z// +C/yzll,

by =y

A comparison of the members of the above equations give six congruences

between the primed and unprimed constants and the nine indeterminates.

61 =By (mod p),
¢ = ax + Bx'p  (mod p?),

0 =by’ (mod p),
¢2 = ax + bxr’  (mod p),
93 = dy/ (HlOd p)7

¢3 =cxr +dx’  (mod p).

I
II

)
)
1)
)
)
)

—~~

—_

(
(

—

v
v
(VI

—~

The necessary and sufficient condition for the simple isomorphism of the two
groups G and G’ is, that the above congruences shall be consistent and admit
of solution for the nine indeterminates, with the condition that x, y' and 2" be

prime to p.

For convenience in the discussion of these congruences, the groups are divided

into six sets, and each set is subdivided into 16 cases.

The group G’ is taken from the simplest case, and we associate with this
case all cases, which contain a group G, simply isomorphic with G’. Then a
single group G, in the selected case, simply isomorphic with G’, is chosen as a

type.

G’ is then taken from the simplest of the remaining cases and we proceed as

above until all the cases are exhausted.

Let k = k1p"2, and dvi[k1, p] =1 (k = a, b, a, B, ¢, and d).

The six sets are given in the table below.

L.
(65) d2 Qo dg
Al OO |D| 210
B| O 1 E|1 1
cl1 0| F | 2 1

The subdivision into cases and the results are given in Table II.
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I1.

a2 bg ﬂg Co A B C D E F
1 1 1 1 1
21011 1 1 1A | By Cs Ey
3 1 0 1 1| A Ci | Dy
4 1 110 |1 [A C1 | Dy Ey
511104 Cy | Dy Es
6 | 0|0| 1|1 ]|A | Bs |Cy| Cy| Es | F
7101101 ]|A | By |Cy| Co E,
81 0| 1| 1|0 |A | B |Cy|Co| Es | Es
9 1 0 0 1 A1 Bg 01 D1 E3 F3
0110104 Csy | Cy Eio
111 11]0]0]|A Gy Eyy
1210|100 | 1]A | By |Cy| Cy * Es
13 0 0 1 0 A1 BlO * * E10 E10
14 0 1 0 0 A1 BH CQ Cg E1 1 E11
5] 1]0]0]0]|A |Bio|Csl|Cal Erol| Ero
6]0]0]0]0]|A |Bol| * | * | Ewo| Ero

The groups marked (*) divide into two or three parts.

Let ad — be = 6,p%2, ayd — Bec = ¢1p®? and anb — aff = x1pX with 01, ¢,
and y; prime to p.

I11.
0| P2 | x2 10 | 92 | X2

C1y 1 Dy || Diz | 1 D
Ci1 0 Ci || Dis| O Cs
Ciz3 | 1 Cy || Dis | 1 Cy
Ciz| 0 Co || Dis | O Cs
Cie 1 1 D, Eis 1 Fy
Cie 1 0 1 FEis 0 FEs
Cis | 0 Cs

15



6. Types.

The type groups are given by equations (15), (16) and (17) with the values
of the constants given in Table IV.

IV.

al|lbla|B|c|d alblal|plc|d
A {001 |0jO0O|1|] E, |O]O|p|O|O]O
By |0]0|1|0|0|O0 Ex |1]0|p|0O|O0O]|O
Bs |0|1]|1|0]0|0| Es |O]1|p|0O|O0]|O
By |0]0|1|1]0|0 E4 |O]O|p|1]0]0O0
B; |0]0|1|0|1|0| E5 |O]O0O|p|O|1]0
Bip|0|1|1|0|k|O|] E |1]0|p|1]0]|0
By 0]0|1|1]|1|0|FEo|O0]|1|p|O0O|Kk]|O
Ci |0|O0O|p|O|O|1||E|OJO|p|1T|1]0
Co |w|O|p|O|O]|1]| Fr |OJO|O]O|O0]|O
Dy |0O|O]O|O|O|1] F5 |0]|1]0|0O]O0O]O

£ =1, and a non-residue  (mod p),

w=12---,p—1.

The congruences for three of these cases are completely analyzed as illustra-
tions of the methods used.

Bip.

The congruences for this case have the special forms.

bz =By (mod p), (I)

o'y’ =a  (mod p), (1)

bzz" =by’  (mod p), (I11)

dzy’ + 'V (5)2" + yz" = ax+ bz’ (mod p), (IV)
d=0 (mod p), (V)

dy'Z" =cx (mod p). (VI)

Since 2’ is unrestricted (I) gives S =0 or Z0 (mod p).

From (II) since ¥’ # 0, Z 0 (mod p).

From (IIT) since x,y’, 2" £ 0, b £ 0 (mod p).

In (IV) b #£ 0 and 2’ is contained in this congruence alone, and, therefore, a
may be taken =0 or Z 0 (mod p).

(V) gives d =0 (mod p) and (VI), ¢ Z0 (mod p).

Elimination of 3 between (III) and (VI) gives

V2" =be  (mod p)
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so that be is a quadratic residue or non-residue (mod p) according as b'c’ is a
residue or non-residue.

The types are given by placinga =0,b=1,a=1,8=0,c=k,and d=0
where x has the two values, 1 and a representative non-residue of p.

Cs.
The congruences for this case are

d(yz' —y'z) = By’ (mod p), (D
dyzy' +ad'z2 = apx + B’ (mod p), (11)
d'yz" =by (mod p), (I11)
a'zz’ =ax+ bz’ (mod p), (IV)
d'z"=d (mod p), (V)
cx+dx' =0 (mod p). (VI)

Since z appears in (I) alone, 8 can be either = 0 or Z 0 (mod p). (II)
is linear in 2z’ and, therefore, @« = 0 or # 0 (mod p), (III) is linear in y and,
therefore, b = 0 or # 0.

Elimination of 2’ and z” between (IV), (V), and (VI) gives

a'd* = d(ad —bc) (mod p).
Since 2" is prime to p, (V) gives d #Z 0 (mod p), so that ad — bc Z 0 (mod p).
We may place b =0, a =p, 8 =0, c =0, d =1, then a will take the values
1,2,3,--- ,p—1 giving p — 1 types.
Dy.

The congruences for this case are

d'(yz' —y'z) =By (mod p),

—
—

)

ajz + Bz’ =0 (mod p), (II)
d'yz" =by  (mod p), (I11)

ax +br' =0 (mod p), (IV)
d'z"=d (mod p), (V)
cx+dx' =0 (mod p). (VI)

z is contained in (I) alone, and therefore 5 =0 or Z 0 (mod p).

(III) is linear in y, and b= 0 or Z 0 (mod p).

(V) gives d # 0 (mod p).

Elimination of z’ between (II) and (VI) gives axd — Sc = 0 (mod p), and
between (IV) and (VI) gives ad — be = 0 (mod p). The type group is derived
by placinga=0,b=0,a=0,3=0,c=0and d = 1.

17



Section 2.

1. Groups with dependent generators. In this section, G is generated by Q)
and P where
2 h 2
Q =pP". (1)

There is in G, a subgroup Hj, of order p™~2, which contains { P} self-conjugate-
1y.2° H; either contains, or does not contain QY. We will consider the second
possibility in the present section, reserving the first for the next section.

2. Determination of Hy. H; is generated by P and some other operator R
of G. RY is contained in {P}. Let

R} = PP, (2)
Since {P} is self-conjugate in Hj,?*
R{'PR, = pithe" " (3)
Denoting R$ P R¢ P - .. by the symbol [a, b, ¢, d, - - -] we derive from (3)
=y, @y = [0, 2L+ kyp™ =] (m > 4), (4)

and

[y, al* = [sy, a{s + (3™} ] (5)
Placing s = p and y = 1 in (5) we have, from (2)
[Ry P*)P = R{P* = pUtolr,
Choosing x so that

r+1=0 (modp™?),

R = R, P” is an operator of order p, which will be used in the place of R, and
H ={R, P} with RP =1.

3. Determination of Hy. We will now use the symbol [a, b, ¢, d, e, f, ---] to
denote Q¢ R® P¢Q{ R P’ - - -.

H; and @ generate G and all the operations of G are given by [z, y, 2]
(Z =012 ’p271; y=012--,p—-1Lx=0,1,2 - ’pm7371)’
since these are p” in number and are all distinct. There is in G a subgroup Hy
of order p™~! which contains H; self-conjugately. H, is generated by H; and

20 BURNSIDE, Theory of Groups, Art. 54, p. 64.
21BURNSIDE, Theory of Groups, Art. 56, p. 66.

18



some operator [z, y, 2] of G. Q7 is then in Hy and Hy is the subgroup {QY, H1}.
Hence,

Q" PQy =R°P™, (6)
QP PQ =R P (7)
To determine «; and 8 we find from (6), (5) and (7)

p_1p p
2 2 oy — by p{ Bk oy —1 m—4}
— 0,1 =10 1
[p777p] |:7alblﬁ7a1 +20[1*1p
p—1 D D
af —b
—|—a{ 1 e ! }mﬂ
p pa1 —b; (a1 —b1)?

By (1)
Q" PQY =P,
and, therefore,

p_ 1P

ay — by,
= d

al_blﬂ 0 (mod p),

, and a; =1 (mod p™™®) (m >5).

y—

o =1 (mod p™ %)

Let a; = 1 + agp™ 5 and equation (6) is replaced by

5

QP PQY = RBpltoar™ "
To find a and b; we obtain from (7), (8) and (5)

W1
b —17

m—4

[_an 17 07 p2] = |:07 bﬁ)v a
By (1) and (4)
Q" RQY =PW'RPY =R

and, hence,

w1
a
by —1

=1 (mod p), =0 (mod p),

therefore by = 1.

Substituting b; = 1 and a; = 1+ app™® in the congruence determining o
we obtain (14 azp™~?)? =1 (mod p™3), which gives ap = 0 (mod p).

Let ag = ap and equations (8) and (7) are now replaced by

m—4

QP QY= RPP )
QP RQY = RP" . (10)
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From these we derive
[=yp, 0, @, yp] = [0, By, = + {azy + aBz(}) + 6k(§)y}pm’4}, (11)
[—yp, , 0, yp] = [0, z, azxyp™ ). (12)
A continued use of (4), (11), and (12) yields
[2p, ¥, z]° = [szp, sy + Uy, sz + Vip™ 4] (13)
where
Us, = ﬁ(;)xz,
Ve=(3) {axz + Bk(5)z + kzy + ayz} + 51@(;)9622
+ %aﬁ{%s(s —1)(25 —1)2% - (;)z}
4. Determination of G.
Since H, is self-conjugate in G; we have
Q7' P Q1= Q"R P, (14)
Qr'RQu=QTRIPT (15)
From (14), (15) and (13)
(=, 0, L, p] = [Ap, p, €] +op™ "]
and by (9) and (1)
Ap=0 (modp?), € +uvp" P +Ap=1+ap™ " (modp™),
from which
=1 (modp®), and e =1 (mod p) (m > 5).
Let €, = 1 + e2p and equation (14) is replaced by
Q7' PQ = QIPROPITer, (16)
From (15), (16), and (13)

P _

d
—n. 1 =
[-p, 1,0, p] [Cd

1
o s Kpm“‘]

where

-1 N ardr—1)
K= d_le—i—;acdf.
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By (10)
d? =1 (mod p), and d=1
and by (1)
chp? = ap™™*  (mod p™3).
Equation (15) is now replaced by
QI 'RQi = Q¥ RP™" . (17)
A combination of (17), (16) and (13) gives

[-p, 0,1, p] = [{7(1 *Zif — pgl}pQ, 0, (1 + exp)?
By (9)
{7(1 i Z]’jip Y }hp2 +(1+epP=1+ap™ " (modp™?),
=0 (mod p).

A reduction of the first congruence gives

P_1q -1 :
Utenl =Ly | opp? = {a—as?o=}p=*  (mod p"¥)

ep>
and, since
P_q
Urepl =1y (odp), (e +ah)P =0 (mod pm)
€2p
and 5
a _
(2 +79h)p* = (a+ 5 )p™ ™" (mod p™ ™). (18)
From (17), (16), (13) and (18)
[~y, 2, 0, y] = [cxyp, z, {exy +ac(})y}p™" 4}, (19)
[—y, 0, 2, y] = [ {rvy+cs(y)}p, oy, (1+ezyp)+9pm’4} (20)

where

0= {e&x + adyzr + € (a + a26> m}(g)

+ gacd Sy~ D2y - 157 - ()9}
+ {avy + dky + adzy® + (acd®y + acd) 1)
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From (19), (20), (4) and (18)
{Q: pfr:}zo2 — QTfpw"‘ _ plhta)p®
If = be so chosen that
h+x=0 (modp™®)
Q = Q. P? is an operator of order p? which will be used in place @Q; and
P =

Placing h = 0 in (18) we get

m—4y,

€p? =0 (mod p

Let €2 = ep™ % and equation (16) is replaced by

Q' PQ=QrR P (21)
The congruence
ap™~* = chp® (mod p™?)
becomes
ap™* =0 (mod pm?), and a=0 (mod p).

Equations (19) and (20) are replaced by

[_y7 €, 07 y] = [C(Eyp, &€, exypm—4] (22)
[y, 0,2, y] = [{vy +c8(y) bap, Sy, x(1+ eyp™ %) + 917"“4} (23)
where
0 = edz(y) + {ayy + oky + acd (3) } (5)-

A formula for any power of an operation of G is derived from (4), (22) and
(23)

2, y, 2]° = [sz + Usp, sy + Vs, sz + Wp™ 7] (24)
where
Us = (5){rzz+cyz} + fc5x{ls(s —1)(2s—1)z° — (2)2},
V.= o(3)e,
W, =(3) {exz + [(ay + 6k) (5) 2 + eyz + kay|p }

+ (S){efyas + ey + 5kx}xzp + fcée{l (s —1)2% - z}(é)xp

+ = {5ex+aa5( )}{—s (s —1)(2s — 1)z* — (3)z}p.
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5. Transformations of the groups. Placing y = 1 and © = —1 in (22) we
obtain (17) in the form

RIQR=Q"rp " ",

A comparison of the generational equations of the present section with those of
Section 1, shows that groups, in which § = 0 (mod p), are simply isomorphic
with those in Section 1, so we need consider only those cases in which § Z 0
(mod p).

All groups of this section are given by

R'PR=pPU"
G:{Q'PQ=QrRPFP" " (25), (26), (27)
Q'RQ=QPRPY" "
RP =1, Q" =1, and PP"° =1, (k,y,c,e = 0,1,2, -+, p—1; § =
1» 2, ’p—]_;e:()’ 1, 2, ap271)'
Not all these groups, however, are distinct. Suppose that G and G’ of the
above set are simply isomorphic and that the correspondence is given by

_|R, @, P
C‘[a, ., PJ'

Since RP =1, QP" =1, and PP" * =1, R =1, Q"f =1 and P"fm_s.
The forms of these operators are then
Pll — QIZR/yP/m,
Rll _ Q,Z/pR,y/P,z/pm—zl’

Q/l — le”R/y”P/:E P ,

where dvlz, p] = 1.

Since R is not contained in {P}, and QP is not contained in {R, P} Rj is
not contained in {P{}, and @'} is not contained in {R}, P|}.

Let

’ m—4
R/i — Plip
This becomes in terms of @', R and P’
[slz/p7 s’y’, s/x/pm_4] _ [0’ 07 S$pm_4}7

and

sy =0 (mod p), §'2 =0 (mod p).
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Either ¢y’ or 2’ is prime to p or s’ may be taken = 1.
Let

m—4

" ’
/ISP __ /S /1Sp
1 _Rlpl

3

and in terms of ', R’ and P’

[// "

$"2p, 0, e = [, 'y (0 + s

)

from which

n_rn 1.0

"2 =5'2" (mod p), and sy =0 (mod p).
Eliminating s’ we find

s'y'2" =0 (mod p),

dvly'z"”, p] = 1 or s” may be taken = 1. We have then 2", 3y and x prime to p.
Since R, @ and P satisfy equations (25), (26) and (27) R}, @} and P; do
also. These become in terms of R', Q' and P’'.
[+ ®ip, y, x + O™ = [z, y, (1 + kp™ ),
[z + ®hp, y + 8w, .+ O™ ] = [z 4 Bap, y + 0y, x4+ Oap™ 7],
(= +@5)p, y', ©3p™ "] = [(2" + ®3)p, y, O™ 1],

where
Q) =y, O] =z +kay —e€y'z,
@/2: {’_y/Z//_FC/(S/(;)}x_'_C/(yZ//_y//z),

o’ i + {(;) [O/’}/Z” —i—O/Cl(S/(Z;) + (5/]{3/21/]

[ V)
|

+ 5’€’$(z2//) + e’(yz” _ y”z) + k/xy//}p7
Gy =" + 82 +0y'z, Oy =ex+ (ya” + 5z + €6y 2)p,

oL =y, Oy=c¢€y, P3=c2", O3 =ex+cax’.

A comparison of the members of these equations give seven congruences

®, =0 (mod p),

—
—

)

" =kz (mod p), (I1)

P, = Py (mod p), (I11)
8z =0y (mod p), (IV)
0,=6, (mod ), V)
P, =cz’  (mod p), (V)
0, =03 (mod p). (VII)
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The necessary and sufficient condition for the simple isomorphism of G and
G' is, that these congruences be consistent and admit of solution for the nine
indeterminants with x, y', and 2" prime to p.

Let k = k1p"™2, dv[k1, p] =1 (k =k, 0, 7, €, ¢, €e).

The groups are divided into three parts and each part is subdivided into 16
cases.

The methods used in discussing the congruences are the same as those used
in Section 1.

6. Reduction to types. The three parts are given by

L.

€9 (52
Al0]O
B|l1|0
cCl 2|0

The subdivision into cases and the results of the discussion of the congruences
are given in Table II.

11

ko Y2 | C2 | €2 A B C
1 1 1 1 1 B
2 0 1 1 1 By
3 1 0|1 1 | A | By | By
4 1 1 0 1 By
5 1 1 1 0 Bs
6 0 0 1 1 * | By | By
7 0 1 0 1 | Ay By
8|10 1| 1]0]A;]Bs]|Bs
9 1 0 0 1 | Ay | By | By
1010 [1]0/|As|Bs]| Bs
11 1 1 0 0 | Ay | B4 | Ba
2100014 Br| B
300 [1]0]A4s]|Bs]| Bs
40 |1]0]0]|A|Br| B
51000 A|Bs| Ba
60| 0|0]| 01| Ay]| By | By

Ag divides into two parts.

The groups of Ag in which dk + ey =0 (mod p) are simply isomorphic with
the groups of A; and those in which 6k +ey #Z 0 (mod p) are simply isomorphic
with the groups of As. The types are given by equations (25), (26) and (27)
where the constants have the values given in Table III.
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IIT.

kE|o|~v|e|c|e
Ay |O0j1(0|1|0]O
Ay |1 |10 |1|0]O
Ag |01 (0|1 |1]O0
As |0 1[0 |1]0 |w
By |0]1|0|p|O]O
By|1]|1|0|p|0O]O
By |O0O]1|0|p|1]O

0]1(0|p| 0|~

111|0|p|lw]O

k =1, and a non-residue  (mod p),

w=1,2-,p—1.
A detailed analysis of several cases is given below, as a general illustration

of the methods used.

A,

The special forms of the congruences for this case are

€z2' =kr (mod p), (I1)

v2" +82 =0 (mod p), (I11)
8z =8y (mod p), (IV)
€zr2" =ex (mod p), (V)

2" =0 (mod p), (VI)

e =0 (mod p). (VII)

Congruence (IV) gives § Z 0 (mod p), from (IT) k can be =0 or Z 0 (mod p),
(ITI) gives y = 0 or Z 0, (V) gives € £ 0, (VI) and (VII) give c=e =0 (mod p).
Elimination of z, 2’ and 2" between (II), (III) and (V) gives dk++ve¢ = 0 (mod p).
If k=0, then vy =0 (mod p) and if & #Z 0, then v # 0 (mod p).

As.

The congruences for this case are

€z +kKxy =kr (mod p), (1)
~vya'" + 62 =0 (mod p), (11D)
8z’ =06y (mod p), (IV)

€z2" =ex (mod p), (V)

2" =0 (mod p), (VI)

ex =0 (mod p). (VII)
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Congruence (III) gives y = 0 or # 0, (IV) gives 6 £ 0, (V) € # 0, (VI) and (VII)
give ¢ = e = 0 (mod p). Elimination of z, 2/, and 2z between (II), (IIT) and
(V) gives

Ok +ve =K'y’ (mod p)
from which
0k +~ve#0 (mod p).
If k=0, then v #Z 0, and if ¥ =0 then k £ 0 (mod p).

Both 7 and & can be # 0 (mod p) provided the above condition is fulfilled.

As.

The congruences for this case are

€rz' —e'yz2=kxr (mod p), (II)
72" + 62" =0 (mod p), (111)
§xz" =6y (mod p), (IV)

€z’ =ex (mod p), (V)

2" =0 (mod p), (VI)

ey'z’ =exr (mod p). (VII)

(IT) and (III) are linear in z and 2’ so k and v are = or # 0 (mod p) indepen-
dently, (IV) gives § £ 0, (V) give e Z 0, (VI) ¢ =0, and (VII) e Z 0.
Elimination between (IV), (V), and (VII) gives

§'e'e® = dee”  (mod p).
The types are derived by placinge =6 =1, ande=1,2,--- ,p— 1.

Bs.

The congruences for this case are

—ey'z=kxr (mod p), (11)

v2" +62' =0 (mod p), (I11)

8zz" =6y’ (mod p), (IV)

ejxz’ + ez (22”) +e'y?" =erx + 2" + 62’ (mod p), (V)
e’ =0 (mod p), (VD)

ey'2’ =exr (mod p). (VII)

(IT), and (IIT) being linear in z and 2’ give k = 0or £ 0, and y =0or # 0
(mod p), (IV) gives § £ 0, (V) being linear in 2’ gives e =0 or # 0 (mod p),
(VI) gives ¢ = 0 and (VII) e £ 0.
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Elimination of z and g’ from (IV) and (VII) gives
§'e'2"? = de  (mod p).

de is a quadratic residue or non-residue (mod p) according as §’e’ is a residue
or non-residue.

The two types are given by placing § = 1, and e = 1 and a non-residue
(mod p).

Section 3.

1. Groups with dependent generators continued. As in Section 2, G is here
generated by @)1 and P, where

Q= pm’,
QY is contained in the subgroup H; of order p™~2, H; = {Q}, P}.

2. Determination of Hy. Since {P} is self-conjugate in H;

m—4

Q" PQY =P (1)
Denoting Q¢ P® Q§ P%--- by the symbol [a,b,c,d,- - -], we have from (1)
[~yp, =, yp] = [0, 2(L+kyp™ )] (m > 4). (2)

Repeated multiplication with (2) gives
lyp,a]* = [Syp, a{s+ k(;)ypm"‘}] (3)

3. Determination of Hy. There is a subgroup Hy of order p™~! which
contains H; self-conjugately.?? H, is generated by H; and some operator R; of

G. RY is contained in Hy, in fact in {P}, since if ng is the first power of R; in
{P}, then Hy = {R;, P}, which case was treated in Section 1.

Ry = PP, (4)

Since H; is self-conjugate in Hy
Ri'PR, = QP P, (5)
R7'QP Ry = QPP (6)

Using the symbol [a,b,c,d,e, f,---] to denote R Q% P°R{Q$PF---, we
have from (5), (6) and (3)

[_pa 07 1) p] = [07 BNp, Oéf + Mp]7 (7)

22BURNSIDE, Theory of Groups, Art. 54, p. 64.
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and by (4)
ol =1 (mod p), and a; =1 (mod p).
Let @1 =14 agp and (5) is now replaced by
R7' PRy = Qrpitezr, (8)
From (6), (8) and (3)

P —1
b—1

[_p7 D, Oa p] = [07 bpp7 aj p + alUPQ]a
and by (4) and (2)
RiP QR = QY

and therefore b» = 1 (mod p), and b = 1. Placing b = 1 in the above equation
the exponent of P takes the form

1{1+(042+/5h)29}p -1,

ap?’(1+U'p) =a (0 + A2

from which

a1p?(14+U'p) =0 (mod p™~3)

or
a1 =0 (mod p™®) (m >5).
Let a; = ap™~> and (6) is replaced by
RI'QYR = QP P (9)
(7) now has the form
[=p, 0. 1, p] = [0, BNp, (1+ azp)? + Mp?],
where
N=p and M:ﬁh{wpgzj_l—l},
Qzp
from which
(14 agp)? + %ﬁhﬁ =1 (mod p™3)
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or

1+ asp)? — 1 B
—( 3252 {as + ﬂh}p2 =0 (modp™ 3)
2

and since

(1+agp)? —1
aop?
(o + Bh)p> =0 (mod p™~3).
From (8), (9), (10) and (3)

=1 (mod p)

[—y, 0, x, y] = [0, Bxyp, (1 + asyp) + 9p7n—4]

[—y, p, 0, y] = [0, zp, azyp™ "],

)

where
0= aba(2) + GKC)y
By continued use of (11), (12), (2) and (10)
[z, yp, z]* = [s2, (sy + Us)p, xs + Vspl,
where
U, = 5(;)332
V, = (;) {042:172 + [ayz + kay + ﬂk(‘;) z]pmf‘r’}

+{B(5)a2z + %aﬁ[%s(s )25 = 1) = (3)z]a}pm .

Placing in this y =0, z =1 and s = p,3
(Ry P")P = R} p* = plothr,
determine x so that

r+1=0 (modp™?),

(13)

then R = Ry P* is an operator of order p which will be used in the place of Ry,

RP =1.
4. Determination of G. Since Hs is self-conjugate in G
QU PQi =R QY P,
Q' RQu= R QY P,

(14)
(15)

23Terms of the form (Az? + Bx)p™~* in the exponent of P for p = 3 and m > 5 do not

alter the result.
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From (15)
(R QTP Pryr =1,
by (13)
chipz peir” — plei+dh)p® _ 1,

and
(e1 +dh)p* =0 (mod p™~3).

From (14), (15) and (13)
[07 2 17 Oa p] = [La Mp? €11, + Np]

By (1)

/=1 (mod p), and e =1 (mod p).

Let € = 1 + eop and (14) is replaced by
Q' PQi =R QY Prer,
From (15), (18), and (13)
c? -1
[0, =p, 0, 1, p] = |cp, ﬁdp, Kp|.

Placing © = 1 and y = —1 in (12) we have

[Oa -D, 07 17 p} = [la 0) _a’pnl_4]5

and therefore ¢ =1 (mod p), and ¢ = 1. (15) is now replaced by

Q' RQ1 = RQ{" P,

Substituting 1 + esp for €; and 1 for ¢ in (17) gives, by (16)

[07 —D, 17 p} = [07 Mp27 (1 +€2p)p + Np2]7
where

-1 (1 P
M=kt st er)
2 €ap?

and

B e1y {[1+(62+5h)p]p—1_ }

o (62 + 5h)p2 (62 + (WL)p
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By (1)

(14 €e2p)” + (N + Mh)p® =1+ kp™ " (mod p™~?),
or reducing

P(es + (Sh)p2 =kpm4 (mod pm_3),

where
1+ P—1 -1
1/;:7( 6212 +N—el'yp .
€2p
Since
=1 (mod p).

(e 4+ 6h)p? = kp™™*  (mod p™~3).
From (18), (20), (13), (16) and (21)
[Oa -Y, x, 07 y] = h/xya 01p7 T+ ¢1p]7
[0, =y, 0, z, y] = [z, dzyp, Pap],
where

01 = dyz(3) + oy + By(3)y,
¢1 = ey + ay(5)y + ey () x + {z(}) (e2k + &)

1 T1 1
+5ad [S,y(y -2y —1)7* - Zv} x+ avzdxgy(y +1)(y—1)

+eryk(Y)z + %aﬁ [;,m(x =12z = )v*y* = (5)w

+ (3) @+ k) [dy(3) +oy] + B ()},
02 = exey + {erk(3) +ad(5)y} ™.

Placing © = 1 and y = p in (23) and by (16)
Q" RQY =R,
and by (19)
a=0 (mod p).
A continued multiplication, with (11), (22), and (23), gives

(Qi P = QY P’ = platin’
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Let x be so chosen that

(x+1)=0 (modp™?),

th62n Q = Qi P* is an operator of order p? which will be used in place of Q1,
QP =1 and
h=0 (mod p™?).

From (21), (10) and (16)

m—4

eap® = kp™ 4, asp’ =0 and e1p® =0 (mod p™3).
Let €3 = ep™ %, ag = ap™~> and e; = ep™ 5. Then equations (18), (20) and
(8) are replaced by
Q'PQ=R Q%P
G:{ Q'RQ=RQ™P""",
4

R™'PR=Q piter" "

2 m—3

RP=1, Q" =1, P =1

(24), (25), (26)

(11), (22) and (23) are replaced by

[~y, 0, 2, y] = [0, Bayp, =+ ¢p™ ], (27)
[0, =y, x, 0, y] = [yzy, 61p, T + ¢1p™ 7], (28)
[Oa -Y, 07 &€, y] = [.T, dxyp, ¢2pm74]7 (29)

where

¢ = axy + k(2)y, 61 = dy(Y)z + oy + By(D)y,
o1 = exy + {evz(}) + (5) (avy + dvk(3) + oky) + Byy(5) } p,
¢ = exy.

A formula for a general power of any operator of G is derived from (27), (28)
and (29)

[0, 2,0, 9,0, 2)° = [0, 52 + Usp, 0, sy + Vi, 0, sz + Wep™ 5], (30)
where
Us = (3) {62z + dyz + Bxy + B (5) 2}
+ %dm {13(5 —1)(2s —1)z* — (;)z} z+ By (3) ez,

3!
Ve =(5)zz,

33



W, = (;) {exz + [axy + eyz + (Bky + afy + 6kz) (g)] p}

+ (3) {aya?z + dkayz + 6ka®z + Bka’y + 207k(5) 2z} p

# B+ 5 {gate = D02 = Se) (ere + drk())
1
5(

+ %d’yk [ s—1)2% - z} (5)z>.

A comparison of the generational equations of the present section with those of
Sections 1 and 2, shows that, v = 0 (mod p) gives groups simply isomorphic
with those of Section 1, while 5 = 0 (mod p), groups simply isomorphic with
those of Section 2 and we need consider only the groups in which £ and ~ are
prime to p.

5. Transformation of the groups. All groups of this section are given
by equations (24), (25), and (26), where 7,8 = 1,2,--- ,p — 1; a,d,d,e =
0,1,2,---,p—1;and e =0,1,2,--- ,p> — 1.

Not all of these, however are distinct. Suppose that G is simply isomorphic
with G’ and that the correspondence is given by

_|R, Q, P
C—[a, :, P{]

An inspection of (30) gives

R'l _ Q/z”p R/y// P/I/Ip'm—4,
Q! = Q/z’ R/y’ Pmc’p""_5

1 — )

/ 1z / /T
P =Q*R"YP"?,

with dv[z, p] = 1. Since QP is not in {P}, and R is not in {QP, P}, Q'} is not
in {P/} and R} is not in {Q", P{}. Let

/S'p . P/Sp'm,—él
1 - 1 .

This is in terms of R/, Q’, and P,

[0, s'2'p, s'a’p™ 4] = [0, 0, szp™ 4.
From which

s'2Z’p=0 (mod p?),

and 2z’ must be prime to p, since otherwise s’ can = 1. Let
m—4

" ’
/1S __ ISP plSP
Rl _Ql Pl )
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or in terms of R', Q’, and P’,

[ "o "o, m—4

s"y", §"2"p, """ p" ] = [0, §'2'p, (sw+ 52 )p™ Y
and

"o —

§"'2" =52 (mod p), sy’ =0 (mod p),

and 3" is prime to p, since otherwise s’ can = 1. Since R, @, and P satisfy
equations (24), (25) and (26), R}, @}, and P] must also satisfy them. These
become when reduced in terms of R', Q' and P’
[0,2 4+ 61p, 0, y +~'22', 0, x + 1p™ 7]
=10, 24+ 61p, 0, y +y", 0, & +¢1p™ 7,
[0, (2" + 65)p, 0, 3", 0, (x" + ¢2)p™ "]
= [Oa (ZN + 92)]), Oa y//7 07 ('T’N =+ ¢2)pm74],
[07Z + egpv 07 Y, Oa T+ wépm_él] = [07 z+ 93177 07 Y, 07 T+ 1/)3pm_4]7
where
0/1 _ d/(yz/ _y/z) +x{dl'y/(z2/) +6/Zl+51y/} +ﬁ/’y/(g)zl;
91 :’YZII+5Z/+d/'}/y/lZ7
,(/}/1 drs + {e/v'x(z,) + (92c) [o/v'z/ +’7/61d/k’/(g) + ek’ +ﬂ’k’y’}
+ 89 (5)2 + € (v —y'z) + zy }p,
1 = ex + {0x" +vx" + vy 2}p,
0,2 = d/yuz/a 0o = dZ/7 wé = elyNZa 7102 = da' + ez,
0= Bay’ —dy's 05 =57

1,1

3 =€z’ — ey 2+ zy’ + B¢ (g)y”, Y3 = ax + .

A comparison of the two sides of these equations give seven congruences

01 =60, (mod p),

—
—

)

vzz' =~vy"  (mod p), (11)
Yp =11 (mod p?), (I11)
05, =602 (mod p), (IV)
Py =1y (mod p), (V)
0y =65 (mod p), (VI)
Py =13 (mod p). (VII)

(VI) is linear in z provided d’ # 0 (mod p) and z may be so determined that
B = 0 (mod p) and therefore all groups in which d’ # 0 (mod p) are simply
isomorphic with groups in Section 2.
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Consequently we need only consider groups in which d’ =0 (mod p).

As before we take for G’ the simplest case and associate with it all simply
isomorphic groups G. We then take as G’ the simplest case left and proceed as
above.

Let k = k1p"™2 where dv[k1,p] =1, (k = a, 8,7, 0, €,d, €).

For convenience the groups are divided into three sets and each set is sub-
divided into eight cases.

The sets are given by

A €2 =0, 62207 ’72:07
B: 62:17 /82:07 72:()’
C: 6222, /BQZO, ’YQ:O.

The subdivision into cases and results of the discussion are given in Table I.

L.

(52 €9 (%) A B C
1] 1 1 1 B
2101 1 A | B | By
31101 Bs
411|110 |A |B|B
500 0] 1 |A; | Bs | Bs
6|10 |1 0 | Ay | B1 | By
7110 0 |A;| Bs| Bs
81 0] 0| 0 | As | Bs | Bs

6. Reduction to types. The types of this section are given by equations (24),
(25) and (26) with o = 0,8 = 1,A\ = 1 or a quadratic non-residue (mod p),
0=0e=10,e=0,1,2,--- ,p—1;and e = p,e = 0,1, or a non-residue (mod p),
2p + 6 in all.

The special forms of the congruences for these cases are given below.

Ay

—~

By (5)2' + Blay' =~z" + 62 (mod p), D

Yaz' =vy"  (mod p), (II)

€z =er (mod p), (I11)

dz =0 (mod p), (IV)

ex =0 (mod p), (V)

By’ = B2 (mod p), V1)

ez + B¢ (5)y =ax+ Bz’ (mod p). (VII)

(I) is linear in z” and 6 = 0 or # 0, (II) gives v £ 0, (IIT) e £ 0, (IV) and
(V)d=e=0, (VI) #0, (VII) is linear in 2’ and o =0 or #Z 0 (mod p).
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Elimination of " and 2z’ between (II) and (VI) gives

B'y'z* =By (mod p)

and Bv is a residue or non-residue (mod p) according as 8'v' is a residue or
non-residue.

As.
B (5)2 + Bxy =~2" 462" (mod p), (T)
yxz =~y”" (mod p), (11)
€7 =e (mod p), (T11)
d=0 (mod p), (IV)
ey'Z =exr (mod p), (V)
B'zy” = B2 (mod p), (VD)
daz" —e'y'z+ B¢ (5)y =ax+ B2’ (mod p). (VII)

(I) is linear in 2” and 6 =0 or £ 0. (IT) gives v Z 0, (IIT) e Z0, (V) e £0
and (VI) f £ 0. (VII) is linear in 2’ and « =0 or Z 0 (mod p).
Elimination between (II) and (VI) gives

f'y'2* = By (mod p),
and between (II), (IIT), and (IV) gives

— 2.1

?ve = €e*y'e’ (mod p).

B~ is a residue, or non-residue, according as 3’4’ is or is not, and if v and €
are fixed, e must take the (p — 1) values 1,2,--- ,p — 1.

Bs.
By (5)72 + Bxy =~2" 462 (mod p), (T)
Y'xz' =~y"  (mod p), (II)
ewz’ + B2 (3) = erx + 62’ +v2”  (mod p), (I1I1)
er =0 (mod p), (IV)
B'zy” = B2 (mod p), (VI)
ar+ B2’ =0 (mod p). (VII)

(I) gives 6 = 0 or £ 0, (IT) v £ 0, (III) is linear in 2" and gives ¢, = 0 or
Z£0, (V) e=0, (VI) 8 £ 0 and (VII) is linear in 2’ and gives « = 0 or # 0.
Elimination between (II) and (VI) gives

B'y'a? =By (mod p).
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Bs.

B (3)7 + Blay’ =48" + 62 (mod p), n
Yaz' =y (mod p), (an
iz’ + ey (22') + By (:?f) +e'(yz' —y'z)

= ez + 02’ +y2" +€e'vzy”  (mod p), (I11)

e'y"z =exr (mod p). (V)
B'zy” = B2 (mod p), (V)
—e'y"z=ax+ 2’ (mod p). (VII)

(I) gives 6 = 0 or £ 0, (II) v # 0, (III) is linear in 2" and gives e = 0 or # 0,
(V) e 0, (VI) 8 £ 0, (VII) is linear in 2’ and gives o = 0 or £ 0 (mod p).
Elimination of ¢y and 2’ between (II) and (VI) gives

B'yz* =y (mod p),
and between (V) and (VI) gives

B'e'y"* = Be  (mod p)

and Bv and fe are residues or non-residues, independently, according as 8'+'
and B’¢’ are residues or non-residues.

Class 111.

1. General relations. In this class, the pth power of every operator of G is
contained in {P}. There is in G a subgroup H; of order p™~2, which contains
{P} self-conjugately.?*

2. Determination of Hy. H; is generated by P and some operator @), of G.
Q= p'r.

Denoting Q¢ P® Q$ P?--- by the symbol [a,b,c,d,-- -], all operators of H; are
included in the set [y, z]; (y = 0,1,2,--- ,p— 1,2 =0,1,2,--- ,p™ =3 —1).
Since {P} is self-conjugate in H;?°

m—4

Q' PQ =P (1)

24BURNSIDE, Theory of Groups, Art. 54, p. 64.
25 Ibid., Art. 56, p. 66.
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Hence
[~y z, 9] = [0, 2(1+ kyp™ )] (m > 4). (2)
and

ly, 2]° = [sy,z {s + ky(5)p™*}]. (3)

Placing y = 1 and s = p in (3), we have,
(@ PP = QP = ey

and if = be so chosen that

(x+h)=0 (mod p™*4),

@@ = Q1 P” will be an operator of order p which will be used in place of @1,
QP =1.

3. Determination of Hy. There is in G a subgroup Hoy of order p™~!, which
contains H; self-conjugately. Hj is generated by Hi, and some operator R; of
G.

Ry =P,

We will now use the symbol [a,b,c,d,e, f,---] to denote R Q° P¢ R{ Q°
Pf....

The operations of Hy are given by [z,y,z]; (z,y = 0,1,--- ,p—1; & =
0,1,---,p™ 3 —1). Since H; is self-conjugate in Hy

R PRy = QP (4)
RT'QRy = QP (5)
From (4), (5) and (3)
D _ bp
[_p7 0, 1, p} = |:07 = 16; O4!1; + epm_4:| = [05 0, 1]v
a1 — bl
where
0 o Bk ol — 1 aB af*lp, of — by
2 o — 1 a1 — bl (041 - b1)2
Hence
of — P
ﬁﬁ =0 (mod p), A +0p" =1 (mod p™?), (6)
1— b

and of =1 (mod p™~*), or a; =1 (mod p™~5) (m >5), a1 = 1+asp™ 5.

Equation (4) is replaced by

R{' PR, = QP pite=r""" (7)
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From (5), (7) and (3).

w1
b—1

m—4

p

[_pv ]-, 07 p] = O» bzl)v a

Placing = Ip and y = 1 in (2) we have Q' P'?Q = P'?, and

w1

by =1 (mod p), ab1 —

=0 (mod p).

Therefore, by = 1.
Substituting 1 for b; and 1 + ap™~® for a; in congruence (6) we find

(1+ap™ PP =1 (modp™?), or az =0 (mod p).
Let ag = ap and equations (7) and (5) are replaced by
R{'PR, = @Q°pitor” " (8)
RT'QRy = QP (9)
From (8), (9) and (3)
[y, 0, 2, y] = [0, Bry, v+ {azy + aBz(Y) + Bky(3) }pm_ﬂ, (10)
[~y, 2,0, y] = [0, z, azyp™"]. (11)
From (2), (10), and (11)
[z, y, 2]® = [sz, sy + Us, sz + Vip™ ™4, (12)

where

®

Us = B(5)z,
Ve = (3) {awz + kay + ayz + Bk(5) 2}

+ Bk ()2 + %aﬂ(;) {31'(23 - 1)z - 1} Tz

Placing z =1, y = 0, and s = p in (12)26
[Ry P*]P = RP p* = plet+p.
If = be so chosen that
r+1=0 (modp™ %)

then R = Ry P? is an operator of order p which will be used in place of R, and
RP =1.

26The terms of the form (Ax + Bx2)p™~* which appear in the exponent of P for p = 3 do
not alter the conclusion for m > 5.
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4. Determination of G. G is generated by H, and some operation S7.
A
St = PP,

Denoting S§ R Q¢ P?--- by the symbol [a, b, c,d,- - -] all the operators of G
are given by

['U, Z, Y, ZL’], (’U, Zvy:()al,"' ap*]-ﬂﬂ:();l,"' ’pm—371)'

Since H, is self-conjugate in G

ST'PS, = R'Q*P, (13)
ST1Q Sy = ReQIP" (14)
S RS, = RIQupir" ", (15)

From (13), (14), (15), and (12)

[-p, 0,0,1,p] =0, L, M, & + Np™ "] =0, 0, 0, 1]
and

=1 (modp™?) or ee=1 (mod p™®) (m>5).

Let €1 = 1 + e2p™ 5. Equation (13) is now replaced by

5

STIP S, = RQOptter” . (16)
If A\=0 (mod p) and X\ = X'p,
[1,0,0, 17 = [p, 0,0, p+e(5)p™ > + Wp™ ]
=10,0,0, p+ Np* + Wp™

and for m > 5 Sy P is of order p™~3. We will take this in place of S; and assume
dv[\, p] = 1.

There is in G a subgroup H{ of order p™~?2 which contains {S;} self-conjugately.
H{ = {51, S} R* QY P*} and the operator T'= R* QY P* is in Hj.
There are two cases for discussion.

1°. Where z is prime to p.
T is an operator of Hy of order p™ 3 and will be taken as P. Then

H = {8, P}.

Equation (16) becomes

m—4

Sy' PS8 =Pt
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There is in G a subgroup HJ of order p™~! which contains H] self-conjugately.
Hy = {Hj, §{ B Q" P"'}.

T" = R QY is in H} and also in Hy and is taken as Q, since {P,T"} is of order
pm—2_

H) ={H{,Q} = {51, H1} and in this case ¢ may be taken =0 (mod p).

2°. Where x = x1p. PP is in {S;} since A is prime to p. In the present case
R* QY is in H| and also in Hy. If 2 # 0 (mod p) take R*QY as R; if z =0
(mod p) take it as Q.

H{ ={S1,R} or {S1,Q},

and

1, om—4

", _m—4
RS, R=g]tkP or Q'S5 Q=577
On rearranging these take the forms

STYRS, =RS™" ' =RPP" or S71QS =QSyP T =Pt
and either ¢ or g may be taken =0 (mod p),

cg =0 (mod p). (17)
From (14), (15), (16), (12) and (17)

dr — fP

p— 1 =
[pvov 7Oap] Ovcd_f

, P, Wpn

Place ¢ = Ap and y = 1 in (12)
QUIPTQ=PY o STQST=Q
and
d? =1 (mod p), d=1.
Equation (14) is replaced by
S7'QS =RQPP". (18)
From (15), (18), (17), (16) and (12)

dr — fp
d—f

[-p, 1,0, 0, p] = |0, f7, g, W'p™t.

Placing z = Ap, y = 1 in (10)
R~ PR = p*»,
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and fP =1 (mod p), f = 1. Equation (15) is replaced by
SRS, = RQI PP
From (16), (18), (19) and (12)
S7PPSY = piter” T — p
and ez =0 (mod p). Let e2 = ep and (16) is replaced by
ST PS =R QP
Transforming both sides of (1), (8) and (9) by S;
ST'Q7LS, - S7IPSy - S7IQS, = Sytptt g
ST'R7'S; - S7'PS, - STIRS, = S71QPS, - S P gy
STIR™'S, - ST'QS: - STIRS, = S7'QS, - ST P S
Reducing these by (18), (19), (20) and (12) and rearranging

[0,7, 6+ Bc, 1+ {e+ ac+k+acd +aB(5) — a’y}pm*‘l]
=[0,7, 8,1+ (e +k)p™ 1.
(0,7, B+6, 1+ {kg+ e+ a+ad — ayg}p™ "]

(19)

(20)

= [0, v+ Be, B+6, 1+ {e+a+6e+a(§)c+aﬂ’y}pm*4},

[0,¢, 1, (e+a)p™ 4 =10, ¢, 1, (e +a)p™*].
The first gives

Bc=0 (mod p),
ac+acd —ay=0 (mod p).

Multiplying this last by g
agy=0 (mod p).
From the second equation above
gk +ad = Be+afy (mod p).
Multiplying by ¢

acd =0 (mod p).

(24)

(25)

These relations among the constants must be satisfied in order that our

equations should define a group.
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From (20), (19), (18) and (12)

[~y, 0,0, 2, y] = [0, vy + x1(z,y), 6y + ¢1(z,y), « + O1(z,y)p™ ], (26)
[_y7 07 xZ, 07 y] = [07 cry, T, 92(xay>pm_4]a (27)
[7y7 x, 07 07 y} = [Oa X, gry, @3(x’y)pm74}, (28)

where

exy + (3) [viz + edz + ady + (ay + k6) (5) ]

+ (§)[cdj + egv)z + (5)[avy + Sky + advyy®] + Bvk(5)y?,
O2(w,y) = exy + cjz(3) + ac(3)y,
O3(z,y) = jay + egz(4) + ag(3)y.

@
~
&
<
~—

I

Let a general power of any operator be
[v, 2, y, z|° = [sv, sz + Uy, sy + Vs, sz + Wp™ 4. (29)

Multiplying both sides by [v, z, y, z] and reducing by (2), (10), (11), (26),
(27) and (28), we find

Usr = Us + (cy +yz)sv +cd(3)z (mod p),

Vers = Vs + (g2 + 60)sv + 19(2)a + By (5)sv + Blsz + Ua  (mod p),

Wei1 = Wi + O1(z,50) + {ey + jz + ayzy + ac(}) +ag(3) } sv
+ {a:r + ﬁk(g) + ay + adsr + agsvz} sz + ksxy
+ (W) iy + egz} + Us {az + Bk(5) + ay + a(dz + gz)sv}
+af (SZ'ZUS)QC + kVix  (mod p).

From (29)
U, =0, Vi =0, W1 =0 (mod p).

A continued use of the above congruences give
S 1 1 S
Us = (cy +vz)(5)v + §C§IU{§(25 —1v—1}(5) (mod p),

{lgz + 6z + B (5)v + Bz} (3)
s Lgeotlzs - Do- 139 + 51e% (od p)

Vs
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W, = (;){exv + egv + (ay + 6kv + Bkz) (5) + B k(g)v + ac(§)v

+ juz + ag( )v + axz + kxy + ayzyv + ayz} + (;) {acazyv
+ ayz?v + 2687k (g)xv + gkzzv + dka®v + Bka’z + acvy?®

+ a’yzvy} + Bk:'y( )x v+ ( )%{aé’y(g)vz + adzxzv
+agvz2} (){§ 571’0*1}{’}/]'1'4’651174’(15’}/1‘
+acd(5) +vgk(5) + cjy + egz} + é(;){(;)vz — (25 —1)v
+ 2}{05jx + egyz}v + %(g){%(s —1v— 1}{ac§
+ ng}x% + 1aﬂfr(s) {%(23 - 1)z — 1}2
+ aéfyx v( ) (3s—1) (mod p)
Placing v =1, z =y = s = p in (29)%"
[S1 P7JP = SYP™P = pOHer (p > 3).
If z be so chosen that
r+A=0 (modp™*).
S = 57 P” is an operator of order p and is taken in place of S.
SP=1.
The substitution of S for S leaves congruence (17) invariant.
5. Transformation of the groups. All groups of this class are given by

Qfpo _ P1+kpm_4
R 'PR= QP plter

m—4

RT'QR=QpPw""
G : Q Q m—4 (30)
STIPS = RYQ° Pt
§71QS=RQPP"
ST'RS = RQI PIP"
with .
p" =1, QP=RP=25P=1,

2"For p = 3 and ¢§ = vg = By = 0 (mod p) there are terms of the form (A + Bz + Cz? +
Dz3)p™~* in the exponent of P. For m > 5 these do not vitiate our conclusion. For p = 3
and ¢d, g, or By prime to p, [S1 P*]P is not contained in { P} and the groups defined belong

to Class II.
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(kv ﬁv Q, a, 7, 57 € G evgajzoa 1,2, 7p_1)‘

These constants are however subject to conditions (17), (21), (22), (23), (24)
and (25). Not all these groups are distinct. Suppose that G and G’ of the above
set are simply isomorphic and that the correspondence is given by

S’ R7 Q7 P

C= / / / Pl
1» 1» 1 1

Inspection of (29) gives

Si = S/UWR/ZWC?"ymP/:C'”p"”*‘l7
R/l = S/U//R/Z,/Q/y”Pla:”pm*‘l’
0, = 57 R QP

Pl/ — S/vRIzQ/yP/m’

in which x and one out of each of the sets v', 2/, v/, o’; V", 2", 4", x"; V"', 2",

y"”', 2’ are prime to p.

Since S, R, @, and P satisfy equations (30), S], R}, @} and P| also satisfy
them. Substituting these operators and reducing in terms of S’, R/, @', and P’
we get the six equations

Vir Z5, Y, Xi) = Vi Zi, Yae, X (8=1,2,3,4,5,6), (31)
which give the following twenty-four congruences

V! =V, (mod p),
Z! = Z, (mod p),
Y!=Y, (mod p),

X! =X, (mod pm3),

(32)
I
where
Vi=v, Vi=u,
Zy =7+ (yv' —y'v) + vz + c&v(g), 71 =2z,
Y{ =y+g' (20 —2'v) + 8av +9/g'z(}) + Bz, Yi=y,
Xl=x+ {e’xv/ + (' jr+edx+ddy ) (”2/) + c/élj'(%/) + ('Y + 8K
Jra/é/f}/UQ +B/kzzl) (;@) +j’(zv/ . zlv) + e/g/[Z(UQ/) _ Z/(;)]
S 1G0+ (5)0 2= + !~y + ¢ To(5) 9/ (3)
+ a’c’[(‘g)v’ + v(_2y/) —yy'v] +d (y2 —y'z) —d Blx* + oz
+ O/ﬁ/l‘(g) + a'w’x(y _ y/)vl + k'my’}pm_4,
X1 =a + kxp™ 4,
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‘/'2/ =, ‘/2 =v+ ﬁvlv

Zh =2+ (" —y"v) + 20" + 6'5’(”2”), Zy = z+ B2 + ¢ By'v,

Y2/ _ y+g/(zv// —Z”U) +5/£EU/I+’Y/9/1’(U2//) _’_5/7/(;:)0//_’_5/1,2//’

Yy =y+ By + 9B,

Xé —r+ {@/1(1},’[}”) —I-j/(ZUH _ Z”U) +e/g/[z(v2”) —Z”(;)] +a/g/[(;)y//
+ (722"),0 _ ZZHU] + e'(yv” _ y"v) + c/j/[y(v;) _ y// (;)] + a/c/[(g)vn
+ (732/')1] _ yy”v”] + a/g/(zv// _ Z”’U)ZH + a/(yz// _ y”z) + a8
—l—a/vl(y—y”)v”m—i—a/xz”+a'B’x(22”) +5/k/(g)z/l+k/$yll}pm_4,

Xy =2a+ {ax + B2 +d (g)y’z' + €' Buy + (5’ B+e'g'B2)(35)

+ a/c/(ﬁg')v —i—j/B’UZ/ + a/g/(ﬁj) + a’,@(g’z/v + y’)z}pm_4,

Vgl = ’Ul, Vg = 1)/,

Zé =2+ -y, Z3=7,

Y?: =y +g/(zlv/l _ Z”U’), Vs =y,

Xé _ {1'/ —|—j’(z'v” —Z”U/) —l—e'g'[(”;)z’ . (z;’)z//] +a/g/[(z2’)v// + (—;”)v/
_ Z/ZN’UI] + e/(y/v// _ y//v/) +C/j/[y/(v2”) _ y//(g’)} + a'c'[(y;)v” + (—Qy
_ y//ylv/l] + a/(y/zll . yl/z/)}pmfél’

Xy = (2' +d'z)p™?,

Vi=v, Vi=v+y"+d,

"

)v'

Zy=z+ " —y"v) + 0" + c’d’x(”;u),

Zy =z 472"+ 62 + (D)"Y + vy ]+ (v + 6y ) + vy,
"N g w(Y)) + B (D) + Bl
Yi=y+yy" +0y + g [(Q)v"" + Qv+ g (72" + 52" )v + g'onw'2",

"

lel = + {@/1(1:71]///) +j/(ZU/// _ ZWU) + e/g/[(v2 )Z _ (S)Z///] +a/g/ [(;)UNI

"

"

Y, =y+g (0" —2"v)+dzv

_A'_(_;W)’U _ ZZ”I'U:| + e/(yv/// _ y”/’l)) + C/j/[y (1);’) . y/// (;)]

+ a/c/[(g)v/// + (—g )U _ yy///v///] + a/g/(v///z _ UZ/N)Z/N
+ a/(yzlu . y///z) + a8z + a/,y/x(y . y///)vm + o’z
+ a/B’x(z;') —I—ﬁ/k/ZW(g) 4 k’xy”’}pm_4.
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10 1 o0 1 /el

Xy=x+ {e:c+5x’+’ya:"+ (;)[a’c’(y;)v”Jray 24"y + "2
+ a/g/(zz”)v// + (Clj/v//y// + 6/gl’U”ZH)(U + 50/) + CL/(Z + 52,)1}/,2”

1.1

7[7(2,)/ _ 1)’1]” . 1](c’j'y" + e/g/z//>v//]

2°3
v 1o <

+ (;’)a/c'v“y” + (g) [a’'cd (yQI)U/ +dyZ +evy + 5z

+ 2'73_ 1(1/9/’1)//2”2 +

+ a/g/(zz’)v/ + jlclvvly/ + elglvvlzl + a/glvlzzl + a/c"yy/y'/v/
20 — 1 1.1
+ 3 a/g/UIZ/2+5{5(26_1)U/_1}(c/j/y/+e/glzl>]
+ (g)alclvlyIQ + (U + 5v’)[j"yz” + (’yg”)a/g/ + e"yy” + (’yg”)alcl
+ a’g’(z + 521)} + (v+26v/)[6,gl’}/2// + c’j”yy”] + 5[(61912/

1,1

+ 5N G) + vy + 52 +dzy + d gvz + a2y + d vy

/y//]
+a/g/(6g’)v+alcl(6g’)v +a/72y//}pm74’

Vi=2v', Vs=v+c",

Zé _ z'+c’(y’v’” 7y///v/), Zs :z'+cz"+c'cy”v,

1,01 ",/

Y5/ =y + g (" =), Ys=vy +cyf +g v,
Xé _ {x/ +jl(Z/UN/ _ ZWU/) + 6/9/[(1);’)2:/ _ (g’)z///] + a/g/[(z;)vl//
+ (7;”’),0/ - Z/ZW’U/] + c/(y/@/// _ y///UI> + C/j/[y/<6;”) _ y///(g’)]
+ a/c/[(yQ’)v/// (—g“’)v/ . y/y///v///] + a/(ylz/// _ y///zl)}pm—47
X5 = {I/ +ex+cx” + a/(g)y//z// + i + (g + c’cj’y")(g) + ey
+d ey I 1 1(cz” 1 t(cy” m—4
yz+agzv+ag(2)+ac(2)p ,
V6/ =, Ve=1"+ g,
ZL ="+ " —y"™"), Zg=2"+ g
6 — b - )
Yﬁ/ =y +g/(zllv/l/ o ZW’UN), Yo =y + gy,
X(/; _ {LCH -|—j/(2”’l)m _ Z”/’UH) + e/g/[(u;”)zn _ (1}2”)21//} + CLIgI {(22”),0///
+ (—;'”)Uu B Z//Z///v//:| + 6/(y//v/// . y///vu) + c’j’[y” (v;”) oy (UQ//)]
+ a/cl[(yz”)vm + (7%'”)1}// _ y//y///vm] + a/(y//Z/// _ y///Z//)}pm—4’
X = {2 +jo+ gz’ +d' gy’ }pm 4
The necessary and sufficient condition for the simple isomorphism of the
two groups G and G’ is that congruences (32) shall be consistent and admit of
solution subject to conditions derived below.

6. Conditions of transformation. Since @ is not contained in {P}, R is
not contained in {Q, P}, and S is not contained in {R, Q, P}, then @] is not
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contained in {P[}, R} is not contained in {Q1, Pj}, and S is not contained in
{R1, @1, P}
Let , s
s sp
Q/1 = Pll :

This equation becomes in terms of S/, R/, Q' and P’
[s"v, 8’2 + c’(‘g)v'y’, sy —|—g'(82/)v’z', Dp™=4 =10, 0, 0, szp™ 1],
and

sv'=s'2"=5y =0 (mod p).

At least one of the three quantities v/, 2’ or ¥’ is prime to p, since otherwise
s’ may be taken = 1.
Let

m—4

1" !
/1S __ S /8P
R 1 — Q 1 Vig 1 )
or in terms of S’, R/, Q' and P’

1", 1" " n, 1 ", 1

[s"v", "2 +CI(82”)U ", sy +g,(32”)'l)//2'”, Epm74]
_ [Sl’U’, s'z/—l—c’(‘;/)v'y’, s'y’+g'(82/)v'z'7 E1pm74],
and

s"v" =5V (mod p),

§ —I—C/(S;)v”y// ——; —l—c'(‘;,)v’y’ (mod p),
"o "o ’ot

sy —i—g’(S;)v =5y —l—g’(‘g)v 2" (mod p).

Since ¢'¢’ = 0 (mod p), suppose ¢’ =0 (mod p). Elimination of s’ between
the last two give by means of the congruence Z5 = Z3 (mod p),

U2y’ — ") + Yy’ (0 — v} =0 (mod p),
between the first two
S22 =" )+ V(Y —y")} =0 (mod p),
and between the first and last
s"(y'v" —y"v') =0 (mod p).

At least one of the three above coefficients of s” is prime to p, since otherwise
s” may be taken = 1.
Let 1" 12 ’ m—4
Sli — R/i Qli Plip
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or, in terms of S’, R/, Q’, and P’

"
S

[S/”UW, I + C/( ) )U///y///7 S///y/// + g/ (s;’l)v/llz///7 E2pm—4]
_ [ "yt 4 S/’U/,SNZN + 52 +CI{(S2”)UNyN + (52/)7)/?}/ + SIS//y//’Ul},
S//y// + s’y’ + g/{(s;)v//z// + (sz’)vlzl + S/S//U/Z//},Egpm_4]
and
" = ¢y + &' (mod p)7
§" M 4 C/(s;”)vmy///
=" 4§+ C/{(s;')v//y// + (sQ’),U/y/ + SISNyNU/} (mod p)7
S///y/// +g/(s’2”)U///Z///
= SNyH + s’y/ +g'{(82”)v”z” + (;’)szl + S/SHZ”’U/} (mod p).
If ¢ =0 and ¢/ Z0 (mod p) the congruence Z} = Z5 (mod p) gives
(y'v" —y"v') =0 (mod p).

Elimination in this case of s” between the first and last congruences gives

1", 11 1" //) — 0

s (y"" —y"v (mod p).

Elimination of s between the first and second, and between the second and
third, followed by elimination of s’ between the two results, gives

S/// (Z//Q _ C/y//zl/vl + fy//vl/) (y/’UH/ _ y///v/) = 0 (mod p)
Either (y"v"" —y"'v"), or (y'v"" — ¢/"v') is prime to p, since otherwise s
may be taken = 1.
A similar set of conditions holds for ¢ =0 and ¢’ Z 0 (mod p).
When ¢ = ¢ = 0 (mod p) elimination of s’ and s” between the three
congruences gives

UI UH ,U///
n T —
sS"A=8"y Yy ¥y =0 (mod p)
2z

1" "
z

and A is prime to p, since otherwise s””/ may be taken = 1.
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7. Reduction to types. In the discussion of congruences (32), the group G’
is taken from the simplest case and we associate with it all simply isomorphic

groups G.

ﬁ O|H|H O H|OIO|HA|H|O|H QIO |IH|C|OICH OO OO |O
owz | Oo|H|O|H|O|H|O|H|O|H|O|OH|IO|IC|OIH ||| |O
& — O |TH oo HO|H|H OO |H|O|IO|H ||| |H|IO|C |
g —|lololo-H|—|—|lololo|—|—|l—|lolclo|—|lo|lo|lo|—|c|o
& Ol |H|H|H|H|olo|lo|lololo|H ||~ |lolo|lo|lo|— |
SREERRERRERRNRRRESRIBRS
Py OlH|lH[H|o|H|lololo|H|H|lo|lo|H |- |lo|H|o|o|o
& | |OoH|O|H|lolo|H|O|H ||+ [O|H|o|H|o|o
& ol—~|lol-|lH|lolo~ ol |—~|lOo|—~|~|lo|lo |~ o
& | [ | | [ OO O [ [ | | [ [ |
52 —o|lo|lolo|lo|lo|lo|o | | | |—|— [—|—|— |— |[—]|—
@ O | [ [ [ [ [ [ [ | [ = = [ |
O N IFNO (O~ |0 O (|| (O (b~ |0 |
IR N N B R N B B B H o BEa R B ol (o B Bia Wit Ria\]
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I1.

A.
1 213 14] 5 6 7 8 9 10
1| x| x| x 19¢ 19¢ 19¢
2| x| 273 19¢ | 196 196
3| 1a| 27 | 3 196 196 | 196
4 12 X X 196‘ 196 196
512 | 2 * 196 | 196 196
6| 2| 2|3 19¢ 194 194
T11a| 21 | 31 196 196 196
8| 1s| 24| 34 19¢ | 19¢ 194
912 | 2 *119¢ | 19¢ | 196 196
10 | 24 | 24 | 34 19¢ | 196 19¢
11 | 19 | 24 | 34 196 196 | 196
12 | 24 | 24 * 19¢ 19¢ | 196
13 | 27 | 27 | 34 196 19¢ | 196
14 | 21 | 24 * 19¢ | 194 19¢
15 | 29 | 24 | 34 196 196 196
16 | 21 | 24 * 19¢ | 194 19¢
17 | 19 | 24 | 34 196 196 196
18 | 24 | 24 *119¢ | 19 196 19¢
19 | 24 | 24 | 34 19¢ 196 196
20 | 27 | 24 *119¢ | 19¢ | 19¢ 19¢
21 | 24 | * * 19¢ | 196 196
22 | 24 | 24 196 | 196 | 196 196
23 | 24 | * 196 19¢ | 196
24 | 21 | 24 | 34 196 19¢ | 196
25 | 24 | 24 * 19¢ 19¢ | 196
26 | 21 | 24 * 19¢ | 196 196
27 | 24 * * 119 | 19 19¢ 194
28 | 24 | * * 196 196 196
29 | * * *119¢ | 19 194 19¢
30 | 24| * *119¢ | 19¢ | 196 196
31 | 24 * * 19¢ 19¢ | 196
32| * * *119¢ | 196 19¢ 19¢
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II. (continued)

A.
11 12 13 14 15 16 17 18 19
1 X 191 X 111 191 191 131 191 X
2 252 X 252 132 X
3| 11; | 199 | 134 249 | 215 | 199 | 13; | 21
4| 245 | 195 | 134 249 | 199 | 199 | 137 | 19; | 19,
5 19;
6 X 192 X 116 212 192 136 212 X
7| 259 13 259 132
8 | 259 139 255 139 19,
9 194 216 | 19¢ 216 | 192
10 2510 X 2510 1310 196
11 | 245 | 199 | 134 * 215 | 192 | 131 | 21,
12
13| 11g | * | 136 | 1lg | * | 195 | 136 | *
14 19,
15 | 1l | 195 | 136 | 1lg | 212 | 195 | 136 | 21 | 196
16 19¢
17 | 25 13 259 132
18 19 216 | 196 216
19 | 2519 1310 | 2510 1310
20 194 216 | 196 216 | 192
21 | 2599 1310 | 2510 1310 19¢
22 19¢ 216 | 19¢ 216 | 196
23
24 1lg | 195 | 136 | 115 | * ¥ 13 | *
25
26 19¢
27 196 216 | 19 216
28 | 2510 1310 | 25,0 310
29 19 216 | 19 216
30 19¢ 216 | 19¢ 216 | 196
31
32 19 216 | 196 216
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II. (concluded)

A.

20 | 21 | 22 | 23 24 25 26 | 27 | 28 | 29
1|19, | 197 | 193 | 19, | 114 11, | 197 | 19 | 115 | 194
2 192 X 212 X X 252
3 195 | 255 | 245 | 215 | 192 | 252 | 214
4| 199 | 197 | 197 | 192 | 114 11; | 197 | 192 | 117 | 19
5| 199 | 19y | 191 | 196 | 116 31 216 | 196 | 31 | 21g
6 196 X 216 191 31 116‘ 191 192 31 191
7 259 | 259 *
8| 19, | 215 | 215 24, 259 259
9 | 199 | 212 | 215 11¢ 31 31
10 | 19¢ | 21 | 215 34 X 34
11 195 | 255 | 245 | 215 | 192 | 252 | 214
12 196 | 2519 34 216 | 19¢ | 34 | 216
13 19, 31 116 | 212 | 199 | 31 | 215
14 * 197 [ 197 | 196 | 116 31 21 | 19¢ | 31 | 21
15 | 196 | 216 | 215 | 199 31 11 | 199 * 31 | 19

B.| 16 | 196 | 216 | 215 | 196 31 31 21¢ | 19¢ * 21g
17 259 | 259 *
18 2510 34 34
19 34 | 2510 34
20 | 192 | 215 | 219 114 31 31
21 | 196 | 214 | 215 34 2510 34
22 | 196 | 216 | 21 34 34 *
23 19¢ | 2519 34 216 | 19¢ | 34 | 216
24 19, 31 116 | 212 | 199 | 31 | 215
25 21s | 216 | 19¢ 34 34 21s | 19¢ * 21¢
26 | 19 | 216 | 216 | 196 | 31 31 216 | 196 * 21g
27 2510 34 34
28 34 | 2510 34
29 * * *
30 | 196 | 216 | 21 34 34 *
31 19¢ 34 34 21s | 19¢ * 21¢
32 * % *

For convenience the groups are divided into cases.

The double Table I gives all cases consistent with congruences (17), (21),
(23) and (25). The results of the discussion are given in Table II. The cases in
Table IT left blank are inconsistent with congruences (22) and (24), and therefore

have no groups corresponding to them.
Let k = k1p*? where dv[ky, pl =1 (k=a, B, ¢, 9,7, d, k, a, €, e, 7).

In explanation of Table II the groups in cases marked are simply iso-
morphic with groups in A, Bs.

54




The group G is taken from the cases marked . The types are also selected
from these cases.
The cases marked divide into two or more parts. Let

ae — ae + jk = Iy, ae — jk = I,
ad(a —e) + 211 = I, ag — B = 1,
ab — fe =I5, eg —6j = I,

ce —ey = Iy, ae — jk = I,
de+vj = Iy, ay + 0k = Ip.

The parts into which these groups divide, and the cases with which they are
simply isomorphic, are given in Table III.

I1I.
ALQB* d?][[l,p} =p 21 dU[Il,p] = 1 24
A3 B* dv[l,p] =p 31 | du[la,p] =1 34
A4B* dv Ig,p =P 31 dv ]3,p =1 34
A12B13 dv 147]9 =D 191 dv I4,p =1 192
A14B11 dv I5,p =Dp 111 dU I5,p =1 242
A15’18B* dv I47p =D 191 dv I4,p =1 212
A16B24 d?} 16715,])] =p 191 d’U I6; 157])] =1 192
AgoBl4 dv I77p} =Dp 191 dv .[77]9] =1 192
Agy 05 B* dvlls,p] =p 31 | dv[lg,p] =1 34
A27Bl5 dU[I&p} =D 191 dU[IﬁJ?] =1 192
A9 B7 17 dv[lyg,p] = p 245 | dvl[l10,p] =1 252
A9 B16,26 dv[lg,p] = p 11 | dv[lg,p] = 31
A9 Bos 253031 | dv[lg,p] =p 2510 | dv[ly,p] =1 34
Ag9B29 32 dv(ls, Iy, p] = p 11 | [Is,pl =p,[lo,p) =1 | 34
Az9Bag 32 Us,p] =1,[1g,p] =p | 2510 | [Is,p] =1,[I9,p] =1 | 34
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8. Types. The types for this class are given by equations (30) where the
constants have the values given in Table IV.

V.

a|lBlclg|v|d|k|lale|lel]

L, (0]0]O0O]OJO]O|O]O]O|O]O
29 110(0[0|0]0OJ0OJO]0O|0O]O
31 |k 1|/0|0|0O|O|O|O|O]O]O
1; (0|1 |/0|0|O0O|O]|O|O|O]|O]O
¥13, |0 1]0]0[1]0]0|0]|]0O]O0O|O
19, |0jO|1]|0|O|O|O|O|O]|O]O
1, (0]0]0]O0OJO0O]O0O|1T]0O]0|0]O
¥13, |0 | 1]0|0[1]0]1]0]|]0]O0|O
19 |OjO|1|0O|O|O|2]O0O|O0O]|O]O
¥21 |0 0| 1]0[0]|1]1]0]0]0|O
24, 10|00 ]O|1T]0O|1T]0O]0O|0O]O
25 (0|00 O|O|1T|1]0O]0O|0O]O
2 |110]0|0O]O]O]O|O]1]0|O
3, |k 1|0|0]O0O|O|O|O|1]0]O
11 |O ] 1 |0]0O]O0OJO0O]O]0|0O]O0]|1
¥136 [0 | 1]0]0[1]0[0]0]|0|0O]|1

k = 1, and a non-residue (mod p).
*For p = 3 these groups are isomorphic in Class II.

A detailed analysis of congruences (32) for several cases is given below as a
general illustration of the methods used.

A3B1.

The special forms of the congruences for this case are

B'zz’ =0 (mod p), (I1)

a(yz' —y'z) =kz (mod p), (T11)

Bv' =0, Bz =0, By = pB'zz"  (mod p), (IV),(V),(VI)

a'(yz" —y"z) + a’ﬁ'm(‘z;) =ax + B2’ +d'By'z (mod p), (VII)

a(y'z —y'2)=axr (mod p), (X)

vy + 60" =0 (mod p), (XI1)

vz" 462" =0 (mod p), (X1I)

vy + 6y = B'xz”  (mod p), (XTIT)

a'(yz" —y"2)+d Bz (Z;”) =ex +y2" + 6z +ad'dy'z (XIV)
+a'yy"z+d (3)y"z"  (mod p),

v’ =0, e’ =0, cy” =0 (mod p), (XV),(XVI),(XVII)

a(y'Z" —y"2)=ex (mod p), (XVII)

56



gv' =0, gz =0, gy’ =0 (mod p), (XIX),(XX),(XXI)
a2 —y"2") = jz (mod p), (XXII)

From (IT) 2’ =0 (mod p).
The conditions of isomorphism give

" mn
(%

v w
A=y o y"|#0 (modp).
Z oz !

/" "
z

Multiply (IV), (V), (VI) by v and reduce by (XII), Sy’ = 0, fyz' = 0,
Bvy =0 (mod p). Since A £ 0 (mod p), one at least of the quantities, v', 2’
or y' is Z 0 (mod p) and By =0 (mod p).

From (XV), (XVI) and (XVII) ¢ = 0 (mod p), and from (XIX), (XX) and
(XXI) g =0 (mod p).

From (IV), (V), (VI) and (X) if a = 0, then § =0 and if a # 0, then 8 #Z 0
(mod p).

At least one of the three quantities §, v or ¢ is Z 0 (mod p) and one, at
least, of a, e or j is Z 0 (mod p).

Ag: Since 2" =0 (mod p), (XVIII) gives e = 0. Elimination between (III),
(X), (XIV) and (XXII) gives ae — kj = 0 (mod p). Elimination between (VI)
and (X) gives a B2 = ap (mod p) and af is a quadratic residue or non-residue
according as a’f’ is or is not, and there are two types for this case.

Ay: Since 3y’ and 2" are Z 0 (mod p), e Z 0 (mod p). Elimination between
(VI), (X), (XIII) and (XVIII) gives ad — fe =0 (mod p).

This is a special form of (24).

Elimination between (III), (VII), (X), (XIII), (XIV), (XVIII) and (XXII)
gives

2jk 4+ ad(a — e) + 2(ae — ae) =0 (mod p).

Asgy: Since from (XI), (XII) and (XIII) y” and 2" # 0 (mod p), and 2’ =

" —

v =0 (mod p), (xxii) gives j Z 0 (mod p).
Elimination between (III), (X), (XVIII) and (XXII) gives

ae—jk=0 (mod p).
Ass: (XI), (XII) and (XIII) give v' = 2’ = 0 and ¢/, 2" # 0 (mod p) and

this with (XVIII) gives e # 0.
Elimination between (III), (VII), (XVIII) and (XXII) gives

ae—jk=0 (mod p).

Asg: Since a =0 then e or j Z 0 (mod p).
Elimination between (III), (VII), (XVIII) and (XXII) gives

ae—jk=0 (mod p).
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Multiply (XIII) by a’z"" and reduce

Je+7j=dB"#0 (mod p).

AllBl.

The special forms of the congruences for this case are

B'zz' =0 (mod p), (11)

kx =0 (mod p), (I11)

B =62 =0, By =pz, (IV),(V),(VI)
ar+ B2’ =0 (mod p), (VII)

az =0 (mod p), (X)

" +dv=0 (mod p), (XT)

72" +62=0 (mod p), (X11)

vy + oy = B'zz"  (mod p), (XTIT)

er +yz"” + 62 =0 (mod p), (XIV)

' =c' =cy” =0 (mod p), (XV),(XVI),(XVII)
ex =0 (mod p), (XVIII)

g =92 =gy =0 (mod p), (XIX),(XX),(XXI)
jz =0 (mod p), (XXII)

(IT) gives 2/ = 0, (III) gives k = 0, (X) gives a = 0, (XV), (XVI), (XVII)

give ¢ = 0(A £ 0), (XVIII) gives e = 0, (XIX), (XX), (XXI) give g = 0, (XXII)
gives j = 0. One of the two quantities z” or 2’ Z 0 (mod p), and by (VI) and
(XTIII) one of the three quantities 3, v or d is # 0.

A11: (XIV) gives € = 0 (mod p). Multiplying (IV), (V), (VI) by ~ gives, by

(XID), Byv' = Bvyz' = Byy =0 (mod p), and Sy =0 (mod p).

A14: Elimination between (VII) and (XIV) gives ad — fe =0 (mod p).
Asy: (VII) gives a =0 (mod p), (XIV) e =0 or Z 0 (mod p).

Ags: (VII) gives a« =0 (mod p), (XIV) e = or 0 (mod p).

Agg: (VII) gives @ =0 (mod p), (XIV) e = or #0 (mod p).
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AlgBl.

The special forms of the congruences for this case are

d(yv' —y'v) =0 (mod p), @
kxr =0 (mod p), (I1I)
Bv=0, Bz=d " —y"v), By =0 (mod p), (IV),(V),(VI)
az + B2r' =0 (mod p), (VII)
d(yv" —y"v')=0 (mod p), (VIII)
ar =0 (mod p), (X)
v + 60" =0 (mod p), (XT)
2482+ yy"v + ¢ ()Y + (DY = (y”” —y"'v)  (mod p),
(X1I)
vy +8y =0 (mod p), (XTIT)
er +yz"” + 62 =0 (mod p), (XIV)
=0, " =YV —y"), =0 (modp), (XV),(XVI),(XVII)
ex+cx” =0 (mod p), (XVIII)
g =0, g =@W"" —y""), gy =0 (modp), (XIX),(XX),(XXI)
jr+gr’ =0 (mod p). (XXII)

(ITI) gives k =0, (X) gives a = 0.

Since dv[(y'v"" —y""v"), (y"v"" — y""v"),p] = 1 then dv[e, g,p] = 1.

If c£20,v" =y”" =0 (mod p) and therefore ¢ = 0 (mod p) and if g Z 0,
then ¢ =0 (mod D).

A1z: (XVIII) gives e = 0 (mod p). Elimination between (VII) and (XXII)
gives ag — 35 =0 (mod p), (XIV) gives e =0 (mod p).

Azs: (XVIII) gives e = 0 (mod p). Elimination between (VII) and (XXII)
gives ag — 35 =0 (mod p), (XIV) gives e =0 or Z 0 (mod p).

Azg: (XVIII) gives e = 0. Elimination between (XIV) and (XXII) gives
€g — 67 =0 (mod p), between (VII) and (XIV) gives ad — fe = 0.

Azg: (XVIII) gives e = 0 (mod p). Elimination between (VII) and (XXII)
gives ag — 87 =0 (mod p), (XIV) gives e =0 or Z 0 (mod p).

Aig: (VII) gives a@ = 0 (mod p), (XIV) gives € = 0, (XXII) gives j = 0
(mod p), (XVIII) gives e = 0 or Z 0 (mod p).

Asp: (VII) gives a = 0, (XXII) gives j = 0. Elimination between (XIV) and
(XVIII) gives ec — ey =0 (mod p).

Agq: (VID) gives a = 0, (XIV) gives e = 0 or Z 0 (mod p), (XVIII) gives
e =0, or £ 0, and (XXII) gives j =0 (mod p).

Agg: (VII) gives a =0, (XIV) gives e = 0 or Z 0, (XVIII) gives epsilon = 0
or # 0, (XXII) gives j =0 (mod p).
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Ass: (VII) gives a = 0, (XIV) gives € = 0, (XVIII) gives € = 0, (XXII) gives
j=0or #0 (mod p).

Age: (VII) a =0, (XIV) e=0or # 0, (XVIII) e =0, (XXII) j =0 or #0
(mod p).

Ag7: (VII) a =0, (XIV) e =0 or # 0, (XVIII) e =0, (XXII) j =0 or 0
(mod p). Elimination between (XIV) and (XXII) gives eg — 07 =0 (mod p).

Agg: (VII) a =0, (XIV) e =0 or # 0, (XVIII) e =0, (XXII) j =0 or £ 0
(mod p).
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